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Abstract: In this paper, we begin with the study of the hyperbolic spaces % where G =

Up.q;F)and H=U1;F)xU(p—1,q;F), F=R,C or H denotes the set of real
numbers, complex numbers and quaternions respectively. In the articles of J. Faraut [2]
and M.T. Kosters and G. van Dijk [4], spherical distributions were derived following two
different methods. The first method is to describe the behavior of spherical distributions
making use of the Fourier transform of finite and infinite functions. The second is to
express them asM'S where M'": H' — D'(X) is a transpose map and S is a solution to the
differential equation LS =a(t)S"+b(t)S'=Aand making use of the hypergeometric
functions. Now we show that spherical distributions T can be obtained through a
particular distribution S on R by solving the equation LS = AS. The technique of Methée’s
[6] is instrumental for the context.

Keywords: Distribution, Spherical, Hyperbolic, Hypergeometric.
1. INTRODUCTION

A distribution is a continuous linear functional on the space of test functions.
Let G be a Lie group and let Hbe a closed subgroup of G and let X =% be the
homogeneous space.
A differential operator on X is said to be invariant if it commutes with the action of G .
A distribution T on X is called spherical distribution if:
(i) T is eigendistribution of the Laplace operators ,i.e. oT=AT with AeC.
(ii) T is H -invariant.

2. METHODOLOGY

1. The spacesU(p,q; F)/U(L; F) xU(p —1,q; F)
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On F™ we consider the hermitian form:

[X1 y] =YXt t yp Xp — yp+l Xpsg —o ™ yp+q Xpiq (n = p+q)

and let U(p, q; F) be the pseudo-unitary group preserving this norm.

Suppose p >1.The group G = U(p, q; F) acts on the projective space P,_; = (IF) and the
stabilizer of the right coset generated by the vector (1,0,...,0)is the group H = U(1;F) x
Ulp—-1,qF)

The homogeneous space X = % is called hyperbolic space.

_ I 0
Now if X isan nxnmatrix, we let X* =Iqut I, Where 1 =[ P j

0 -1
q
The Lie algebrag =u(p,q; F)of G consist of nxn matrices X satisfying X + X" =0.They
X X
are matrices of the form[ _lt 2} where X, and X, are antihermitian and X, is arbitrary.
X2 XS
1 0
-1
Let J = ' =1,,, and we define the map 9:g — gbyo(X)=J xJ.
0 -1

Then @is an involutive automorphim of g .

The group of fixed points of & is the Lie algebra hof H.
0 01

Write L=/0 0 0| Then #(L)=-Land a=RL is a maximal abelian subspace of
100

P={X eg/0(X)=-X}.

ueF,u+u=0

u 00
Letm be the centralizer of L inh. Then m=<{0 v 0
0 0 u veu(p-1q9-LF)

The nonzero eigenvalues of adLareax=1 and —«xifF =R anda =12a,—a,—2a ifF =
CorH.
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For fea’letg”be the simultaneous eigenspace for the elements adX (X e a)with

eigenvalue B(X). So g” ={Y eg:ad(X)Y = B(X)Y,VX €a}.Then
0 z2 0
‘ zis of type(n-2,1)
g =<X(@2)=|z 0 -z . .
0z 0 2= b
© 0 -o weF
9% ={Y(w)=|0 0 0 _
w+w0=0
o 0 -

g“ =0(9"),97" =0(g™)
and we give the following decomposition of g into eigenspaces of adL

g=a®(®g”)
=a@(g’2“ Dy emdg” @gz"‘)
Lg=07®g dMda)® g Dg™.
Putn=g* ®g*.
Then nis a nilpotent Lie subalgebra of g .
The subgroup A of G corresponding to the Lie subalgebraa is given by

cosht O sinht
A=sat=exp(ta)=| 0 I 0 [|:teR
sinht 0 cosht

¥

1 1
1+w—=[z,z] z -wW+=[z,z
2[ 1 2[ 1

LetN =n(w,z) = z I -z

¥

1
w-——[z,2 27 1-w+—=z,z
2[ 1 2[ 1

where weF ,w+w=0and zis a matrix of type (n—21) with coefficient inF,

% —t
z’=-z1,,,,and
z, z',
Z= 2'=
Zna Z',
[z,2]=22,+.+2' 2, -7 7,y — =2 1 Zpign
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The subgroup Anormalizes N, that is, a,n(w, z)a_, = n(e*'w,e'z).
Define the function P.on {y cF"/ly,yl= 0} by

The function P, is right-homogeneous of degree 0.

Vte F,t #0,P (yt) =P (y) and it is written P, = P, o wwhere P, is a function defined on
X and w: F* - P,,_,;(F) is a canonical map.

Then Faraut ( [2] p.390, proposition 4.2) proved the following analogue of the Iwasawa
decomposition:

Proposition 1.1.Let x € X such that P, (x) # 0.Then there exists an unique element a, of A
and a unique element n(w,z)of N such thatx =n(w,z)a x wherex’ =eH .Also we have
t =log P, (x).

2. The cone E = G/MN and the Poison kernel

Here we present the Poison kernel and list some of its properties that we require in the sequel.
We refer the reader to Faraut [2], Kosters and Van Dijk[4] for details.

Let T be the isotropic cone of the hermitian form[y, y], thatis, ' = {y e F*/ [y,y] =0,y #

0}
Let M be such that the Lie algebra of M is m.The homogeneous space E = G/MN can be

identified as the quotient setI’/ ~where ~ denotes the equivalence relation on F" defined by
y~y' & JueF,|ul =1,y = yu.

Define for xe X and £=gMN e Ethe map P: X X E » RbyP(x,&) =P.(g7'X).
This map is the Poison kernel. It satisfies the following properties:
(i) P(gx,98)=P(x,{) g€Gx€XSEE

[y.7]
[y, y]

where x is the class of y and & is the class of y
Define P:E X E - Rby P(¢,&)=|ly,»] where yand " eTsuch that & is the class of

(i) P(x,&) =

7, & is the class of .

Then we obtain:
(iii) P(g&",&) =2lime‘P(ga,é", &) (9eG.&cE).
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3. The representations =,
The subgroup of G stabilizing the right coset generated by the vector y° = (1,0,...,0,1) , that is
{g eG/ gy’ ey"F}is a maximal parabolic subgroup of G equal to MAN [13].To every
complex number we associate the character y; of the parabolic subgroup MAN defined by

lS (ma'tn) = es
Define also the space E((E) of functions on E by E((E)={feC*®/
f(gas”)=e“""f(gs)}

whereg e Gand £° =eMN.
Then the representation =, of the group G induced by the character y.is defined as following:
(7@ X&) = f(g&™) , f € Eo(E), § € E,geG
As the homogeneous space E=G/MN is identified as the quotient space I'/ ~, a function of
Es(E) satisfies f(4y)=|A]"" f(y) VAeF , 2#0.
Put B = {kf"/k € K} where K is a subgroup of G equal to U(p; F) x U(p; FF).
Letdbdenote the normalized K -invariant measure on B.Then it implies that the non-
degenerate bilinear form <,>defined on E;(E) X E_¢(E) by < f,h >=If(b)h(b)db is G-

B

invariant [2] i.e.
vgeG, <z, (9)f, 7 (g)h>=<f,h>.

Write E'(E)for the topological dual of E_;(E) and let 7 s be the representation of G on
E.'(E)such that E. (E)can be regarded as a subset of E,'(E).

Proposition 3.1:Let s be purely imaginary, s #0.Then 7z is (topologically) irreducible.

Proof : Van dijk and Kosters [4] proved this theorem when X =SL(n,R)/GL(n-1R).

Now, letf —> f° be the  projection  of C./(G)onto E.given by
o _ (p—-s)t

fo(g) = jMAN f (gma,n)e” " dmtdn .

dm anddn are here the respective Haar measures on M and N.

If A:E, - E, intertwines z,then (f,g)—>jBAf”(b)g°(b)db (f,g eCC“’(G) defines a
continuous G -invariant sesquilnear form on C(G) . By the Schwartz kernel theorem [8] and
the invariance of this form, there exists a distribution T on G such that

<T,fxg>=[Af°(b)g°db (f.gecr(©))
B

and satisfying
T(matngm'axn'): AP () |
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Such distributions T are unique up to scalar multiples, provideds = 0.This is shown in [4]
when applying the theory of Bruhat. The theorem is shown from the converse of Schur’s
lemma for unitary representations.

O

Define P: E —» R by P, (&) = p(x°,&). If£is the class of a pointy of T', then P(&) =|y|
where y, is the first coordinate of y .

For Res > p, the function F defined on E by F(&) = P,(£)*” defines an element of E;'(E)
i.e. acontinuous linear functional on E,(IE):

<F,f>= J'BPl(b)s’p f (b)db.

Alsoforall heH, 7, (h)F =F.

If f eE_g(E),wedefinefors e C Res> p

U, (f) = ———[ R f (b)cb.
(S -p+d j B
I —
2
Faraut [2] showed the analytic continuation of the function s+ u ().
1

o prayk
5)

2

We also remark that (z. (g)u, ) = P.(g b)*” f (b)db

1

spratk
5)

2

P(gx°,b)* f (b)db .

Let ¢ € D(G)
(7. @ X ) = [ (= (@)u, X F)é(g)dg

= ﬁ [, ], P(gx® )7  (b)dbg(g)dg .
5)
Therefore z(g)u, < E:(E), i, (7,00, 6) = =< [ P(0x* &) oo,
5)
2

This shows that

ug € EL(E) foralls andz_ (h) =u forallh.

If ¢ € D(G), we define &, (¢) =< 7 (#)u,,u_, >.

Then from ([2] p.396, proposition 5.4), the following proposition follows:

Proposition 3.2. ¢ is a spherical distribution, that is, ' is a H bi-invariant eigendistribution
of o for eigenvalue A.
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4. Intertwining operators
If f eC”(B)and s eC such that Res > p, we define
W, (f) = [ P(&°,b)"* f (b)db.

Faraut [2] shows that this function can be extended to a meromorphic function with simple or
double poles in the set (p —d — 2N) U (—N) and that

16316 I
W, (1) = 2 2 2

F(dJ r(s+p)r(s+p—dp+2jr(5+p—dq+2)
2 2 2 2

Now let f € E_g(E).

For Re s we get

1 .
NG GE W@k P(&,b)° f (b)db.

Then the following theorem [2, 4] follows:

Theorem 4. 1. (i) Suppose s+ pis not an integer. If f € E_g(E) then Ayf € E;(E) and the
map As: E_¢(E) —E,(E) is continuous.
(i) A, intertwines the actions of Gi.e. A o7 (9) = 7,(9)° A,.

The usual Laplace —Beltrami operators A; and A, of the unit spheres S(F?) and S(FF?) act on
the space C”(X) where ) = S(FP) x S(F?).

C”(B) can be considered as a subspace of C”(Z)i.e.

C*(B) = {f eC*(%)/Vu eF,u=1 f(ou) = f(5)}.

Let us consider for two integers ¢ and m > 0 the subspace

Yom ={f €C¥B)/Af = —2(£+dp — 2)f, A, f = —m(m + dq — 2)f}

Faraut [2] further shows that the M m K -invariant functions of Y,,, are proportional to the
(p-2) (9-2)

functionw,, defined byw,, (c)=C, ? (0,)C,? (o,) where C/donates the /¢—th

Gegenbauer polynomial of index 4 .

5. Determination of spherical distributions using Fourier transform

Definition 5.1. If ¢ € D(X) then the Fourier transform E x C — C is given by
¢3(§,s) = ;j P(x,&)* 7 ¢(x)dx for Res> p—d.
(S —-p+d j X
If—
2
Then we have from [2.4]:
(i) For fixed & @(&,s)is an entire function of s
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(ii) For fixed s, ¢(e,s) e E;(E) that is ,it is aC* — function of & satisfying V¢ € R,
$(9,&°,5) =€ P(ge”s).

(iii) The Fourier transform commutes with the action of G

If we denote for g e G, ¢ e D(X) ,the function x — ¢(g "X) by 7,¢ then
(7,0)"(£,9) = 7, (9H(&,9)

(V) (@ 4)" (&) = (5" = p*)(&,9).

ForRes < —p+d, the spherical distributions on X =G/H are

£.(9)= [_ ) [, #(b,5)R(0)**db.

1
o =S—p+ d
2
(a) Fourier transform of K —finite functions
Every element x € X can be written as x =ka x°with t >0,k € K.Since U(p; F) is transitive
on the unit sphere S(FF) the point xdepends uniquely on the class kM_where
M, =MnK.
Meanwhile the pseudo-Laplacian o on X is given by

fzié(A(t)ij— 12 A f+ _12 A, f
A(t) ot ot ) cosh”t sinh“t

where A(t)=(e' +e* )" (e —e )" and A,andA,are differential operators on B defined
as above.
Therefore if f € Y,,,,, then

_ 1 9

- (et _i_e—t)dpfl(et +e7t)dq71 ot
_m(m+dg-2)f

sinh?t
Incase m=/¢=p=qi.e. if d=2then A(t)=1and
; _}Q(@f j+1(2—2)f 12-)f

l:(et+e—t)dp—1(et +e-t)dq_1Q}+€(€+dp2—2)f
ot cosh“t

1o\ et cosh®’t  sinh?t
2
sof= a@t:
. : ULl L
So we easily see that when d =2 i.e. for X = ———~*— | the pseudo-Laplacian is
U@ =xU(@)
O o*f
ot

Now consider a finite function ¢ € D(X) of type (¢,m) that is, of the form ¢(x) = F(t)Y(b)
where Y € Yy,,,.
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The function F can be written as F(t) =t™F_(t) where F,is an even function of D(R)
Then we give the expression of Fourier transform for such functions.

(i) Suppose that F = R.

We consider Y (b)as a function defined on

X =S(RP) x S(RY), b = (¢',0"") ,where ¢’ € S(RP) and ¢"" € S(RY)

and &+ ¢(&,s) is a function defined on the isotropic coneT

E=QAt A"t =S(RP), " =S(RY),LER, 1+ 0

We obtain
¢(,s) =<

4rPt1 -2p |A|5=P [e%) , b . is—p
(H)r(q)2 r(%)xfo fs(w) fS(Rq)Icoshtr .¢' —sinhtt".c"|

2/ \2.
F(t)Y(o',6")A(t)dtdo'da"
Because of K —invariance, the restriction of @(e,s) to B belongs to Y,,,and since Yp,,is
irreducible with the action of K , we have ¢(4z,s) = |4 "F(s)Y(z) ,

F depending uniquely on (¢,m) and F.

To calculate lE(S) ,we consider the particular case
(pP-2) (4-2)
Y(0)=w,,(0)=C, ? (0,)C,? (0y,).

We obtain F(s) = jw @, (t,s)F (1) A(t)dt

with @, _(t,s) =

4" B 1 p-2 [
et ey o]
)
2 2 2
p-2

- _ <p P2 a-2 ,

%[ [ Jeosho, —sinho,| "C,2 (0,)C,7 (0,)-02) 2 doydo, .

The relation o ¢"(&,s) = (s2 — p?)@(&,s) implies that the function @,_(e,S) is a solution of
1 d du 0+ p-2) m(m+q—2)} .

= A= |- - u=(s’>-p°u.

A(D) dt[ ()dtJ { cosh?t sinh? t S

This equation can be solved by substituting tanh®t as a new variable in the equation then we
arrive at a hypergeometric differential equation. Solving the latter, we obtain (using the fact

that @, (t,s) isregular fort =0) that @, (t,s) = f,,(S)¥,,(t,s)
where

¥, (t,9) :(tanht)m(cosht)s”ZFl[’O_S;mM Wit p;2+m—£ ;m+%;tanh2tJ

and the numbers
B, (s) are calculated in [2]:
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B, (s)=b, (s=p)s—p—-2)..(s—p—1+2)

F(S_p+€2_m+ p}

We notice that ¥, (t,—s) =¥, (t,9).
Finally,
$t,8) =2 Y(2) B ()| ¥ (6, S)F (D A)C
(i) When F = C or H , the results are the same.
In all cases q@(b, s)=b,, Y(b)S,, (s)r Y, (t,s)F(t)A(t)dt,
where 8, (s)=b, S=PNE=p=2).(S=p=m=£+2) 4
F(s—p+€—m+dpj
2
¥, (t,s) =(tanht)m(cosht)s”ZF{’O_S;mJJ , p—s—dp2+2+m—£ ,m+d?q;tanh2t)
(b) Expression of ¢ (¢) when ¢ is K —finite.
Let g(x) =F({t)Y(b) (x=kax’,t>0,b=kM_ ) whereY € Y,
We make use of the expression

OB [ 4(b,s)R ()" db forRes <—p-+d

r(-s—p-dj
2
This implies that
6:(#) = B )], v L F (DA x

whereb,, #0

1

F(_S_p+dJ
2

Let®,, be the function on )" defined by

jBY(b) P, (b)"db.

p=2 a-2
w{’m(o-) = fU(l;IF) C{zz (Re(o-l u))Cm2 (Re(o-n u))du-
Then wem € YSP @ Yp and satisfies
W, (0U) = @, (0), VU € F |u[ =1.

And s0, Wem € Ypm
In the distribution sense, we have

L p) " = Yo fa (s b)

F(S—,O'i'd) leven
2

where ¢, #0.
Finally, we obtain
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£(#) =P (8B (9] ¥t )F AWMt x [ Y(0)eo,, (b)clD

Theorem 5.2.
(i) &, =& forallseC.

(if) If p=1, the distribution&, vanishes for certain values of s but for alls the entire

function F(S_';erjrﬂ_s_zmdjg is non- zero.

S

(i) fF= R,p>1and q isodd, & #0foralls.
(ivyIfF= R ,p>1and gisevenorif F = Cor H

Vs #=+(p+2r),r=0212,.. & #0

Vs=+(p+2r),r=012,.. & =0
Proof:
Q) The distributions & and & are spherical distributions relative to the same eigenvalue
A =s%— p®. From [2], they are proportional except for certain isolated values of s.When @
is K- invariant, Kosters and Van Dijk [2] show thaté, =& .
(i) If F= Rand qis odd, for all swe can find a number ¢ such that 5,,(s)f,,(-S) # 0
thené, =0.
@ii) IfF= Rand qisevenorif F=Cor H and if s=+(po+2r) we can find a number
¢ such that S,,(s)5,,(-s) #0.
However if s =+(p+ 2r) for every pair (¢, m),

B (8) B, =0 showing that &, =0.
(c) Behavior of & at infinity
The following theorem [2] helps in discussing spherical distributions at infinity:

Theorem 5.3.
The Fourier transformation Fs satisfies Asc F.s = y(S) °Fs where A is the intertwining operator

F(S —p+ dpj
defined in §4 and y(s) = 2 5 is a meromorphic function.
{5

Now, define the functionc(s) by c(s) =

p—

F[S_'O+dj
2

[P(£°,b)**db for Res > p—d.
B

Then
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r(d;jr(dﬁ 271(s)
c(s) = X
Jr F(s;pjr(wds—pjr(wds—pj

Proposition 5.4.
Let ¢ € D(X)

Let¢, (x) = 4(ax).
For Res > p—d we have
lime "¢ (4) = c(8)(9)9(&°.9).

Proof:

We have ¢, (4) = ———

F(s—p+d)
2
2

p-S
F( s—p+d ]
2
By Theorem 5.3, lim e P (4,) = c(5)y(S)A(E°,S) .
6. Determination of spherical distributions using the hypergeometric function.
In this section, we evaluate for each A the space D', ;; (X) of H-invariant eigendistributions of
o for eigenvalue 4 .

The basic ideas are identical to those in [2,4].
We defineQ: X — R satisfying the following properties:

(@ Qis H —invariant.

(b) Qisreal analytic.

(c) x? is a non-degenerate critical point forQ.The Hessian ofQ in this point has
signature  (dg,d(p—1)).

d Ifp=1Q(x)=1.

e If p>1,Q>0. IfQ(x) =0,thenx is a degenerate critical point and the manifold
{Q(X) = O} isa non-degenerate critical manifold.
The Hessian of Q in this point has signature (d,0).
Let F be a continuous function on R .We consider the distribution T defined on X by

T(f) = [ FIQE)If (x)dx, f € D(x)

T is H -invariant.
Ift is not a critical point of Q we can define the mean value Mf on {Q(x) =t} by

MF (t) = jx f ()S(Q(x) —t)dx.

[$(b.5)P.(a )" db

And then

lime "¢, (¢,) = [#o-s)R(&°.b)* " db.
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Then for every continuous function F on R,

Jy FIQOOIf ()dx = [ F(OMf(t)dt
The function Mf has singularities in the critical points of Q thataret =1and0.
@)  Ifp=1,thensupMf c[L,0) and

MF (1) = (t-1)2 4, (1) where ¢, € D([1, 0))
(b)  If p>1,thensupMf <[0,0) and

d

MF (t) :t5_1[¢0 (t) + 7(t)¢, (t)], where ¢, and g, are functions of D([o,%0))and » depends on
d, pandqas following:

d p q ()
1 odd odd Y(t-1)(t -1~
even odd (t—1)“ Log|t —1
even or odd even Y@—t)@d—t)~
2ord - - Y(1-t)(1-t)~
where u= __d —landY denotes the Heaviside functionY(t)=1 if t>0 and
2(d+p-12)
Y(t)=0ift<O.

Now, let 7= (d, p, q) be the space of functions ¢ defined on [0, ) of the following form:
dq_
(@ Ifp=1 ¢)=(t-17? 4t) where ¢, € D([L,0)).
d
(by Ifp>1 ¢t)= t5_1[¢0 (t) + 7 (t)@, (t)] where g, and g, are functions of D([0, ))
We easily see that for p>1, the functions¢ of H are of the formg(t) = ¢, (t) + y(t)¢, (t)
where ¢, and ¢, are functions of D(R).

Define a function X: D(R) — R by X (f) = 1 in the 0-neighborhood.
On the space H; = {@ € H / suppd c [—1, 7]}

We consider for every integernand every integerm<n+§ the seminorm

(%j [qﬁ(t)—z(t)y(t)kisktk}

p,(t) = Sltjp and for every integerk > 0 the seminorm
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P, ® :|Bk (¢)|
The seminorms define on ., a Frechet topology. # is the inductive limit of the spaces

It consists of allg with compact supports belonging toC~*for t=0and satisfying the
following fact:

There exists numbers B, = B, (¢) such that for everyn,(/ﬁ(t)—y(t)z B,t“eC" whenever
k=0

n +§ > m.Therefore H is equipped with the inductive limit topology.

Then we have:

Theorem 6.1

(@) M: D(X) — H is continuous and surjective.

(b)The image M'(H") of the transpose map M’: #' — D'(X) between the dual topological
vector spaces consists of all H -invariant distributions on X .

(c)moM =M oL.
Then follows the following important result [2] on the space of spherical distributions:

Theorem 6.2.
Let D'; ; be the space of H -invariant distributionT on X and that are solutions of 0T = AT .
(@) If p=1forallA € C,dimD’; ;(X) = 1.
(b) Let p>1.
Q) If d =1 and gisoddand A € C then dimD’; ;(X) = 1.
(i) If d=1andqis even or if d=2 or 4 for every A =2r(2r+d(p+q)—2),r=012,...,
then dimD’; ;(X) =1
and forevery A =2r(2r+d(p+q)—2),r =0,1,2,...,then

dimD’y y(X) = 2.
Now we express spherical distributions in terms of the hypergeometric function.
Consider on the interval [0,00) the differential equation

Ly-Jy =a(t)y +b(t)y —Ay=0 (E)
with

a(t)=4t(t-12)

b(t) = 4{(%+ y +1jt —%} '
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The solutions of (E)can be expressed in terms of the hypergeometric function. In [1], it is
established that the unique solution of (E)defined on the complex plane (-o0,0]is

d d
—+u+S —+pu-=

O(t, A, )=, F,| 2 > 2 Sl -t

2
where g =s> - (,u + %) is not a negative integer.

Forft-1 <1 ie te(0,2),

Dt 2, 1) = Za () )
with

d d

E +Uu+S E +4u—-S

2 2

A lha)= L+ p0),
where
(@), = F(F“(;)k) —a(a+1).(a+k-1).

On the other hand, the equation (E) has an analytic solution in O which is

d+/,l+S d+/,l S
9 9 7 d
F(t1iuu):2|:l 2 2 2 2 E

defined on [L,c0 )

@ If 4 is not an integer, the functionW (t, 4, ) :W is a solution of (E)and we
have
[; pp.108-109]:
O(t, A,—
F(t A 40) = AT ()t A, p2) + A, u)r(mﬁ

with
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)

AL, p) = 3
—4+uU+S| | —+u-s
r| 2 | 2
2 2
(b) If uis an integer>0then we  have if t € (0,2) then

(- t)

F(t.4, 1) = Al )T (1)(1-1)° Zak(ﬂ— )

(1 t)

(- A)l“1 A(A—1)Log(L— ) (t, A, ,u)+2b (4, 1)
with
b, (2, 1) = lim |AGL—)T(~v)a, (2,v) + AT V)3, (A,-V)].

Now letSbe an element of the space H'(d,p,q) which is solution of(E)where

d
p==(p+a-1).
On each of these intervals (0,1) and (1,20),S is an ordinary solution of (E).Also this solution
must be regular at 0 showing that its restriction to (1,0)is proportional to F(e, A, z) . The
regularity for O helps in defining the distributions S, andT,

S (¢)_||mj [F(t+ig, A, p)+ F(t—ie, A, u)p(t)dt

T @) =lim [ 2 [F(+iz A p) - Ft - o 2 m .

We remark that ifA=A4 =2r(2r+d+2u), thenT, =0.We now show that every

@ eH (d,p, q) has a unique expansion in the neighborhood of1.
Letmbe a fixed integer>21and denote by P, (t) polynomials of degree < v divisible byt™.In

particular P, =0 unlesso >m.

We have from [9] that

y(t)P, eCvifandonlyif P, =0. @

In the case of H, ()P, (t)eC™.

We shall consider functions of class C* outside the origin

¢p—F, €C’ (2

for at least one polynomial P, .
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It follows from (1) thatP, is uniquely determined byg¢.It is convenient to write
P = ZU:Bk (#)t* where the coefficient B, (¢) are linear function of ¢ and B, (¢) =0 if ¢ C"
0

at the origin. Expanding (2) in Taylor series aroundt =0,
#(t)—y(OP, (1) = > APt +o(t") .
0

We obtain another set B; of functionals ¢ with supports at the origin.
Then,

s = A D + 7O B (A +0(t”).
AS L—>
#(1) = D2 AP + 7DD B (A" .

Therefore in the neighbourhood of 1, every function ¢ with the property (2) has a unique
expansion of the form

60 =3 L-0A (#) + 7S A-1)*B, ().

From [2: Proposition A.5, Proposition 3.3] and the ordinary solutions of (E), the following
proposition follows.

Proposition 6.3 .
Letp>1.

(@ F=R(d,1),podd, qodd.

LS, -4s, =0

LT, —AT, =4AA, )T’ (u+Dsin B,

(b)F=R (d=1), peven,qodd.

LS, -4s, =0

LT, — AT, = (-1)“*472A(A, )T (1 +1)B,

(c)F=R (d=1), podd, qeven

LS, —4s, =—4AA, )T (1 +1)B,

LT, —AT, =0

(dF=R (d=1),pandgevenorF = CorH(d =2or4)

LS, - A4S, =—4A4, )" («+1)B, cos muB,

LT, —AT, =0.

We denote by #'; the space of a solution of (E)in the space H' = H'(d, p, q) .We can now
describe the generators of ', and then the generators of D', ; (X).
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Theorem 6.4.

€)) If p=1, then H'; is generated by the linear functional ¢ — fCD(t,/‘L,y)gé(t)dt :

(b) Letp>1

Q) If F=R ,qodd, then the space H", is generated by S,and D’ ;;(X) is generated by
M'S,

(i) If F = R,qevenor if F = C or H. For

A#Ar=2r(2r+d(p+q)—2),r=012,..., H'; is generated by T, and D', ,(X) is generated
byMT.

For, A=Ar=2r2r+d(p+q)—2),r=012,..,H'; is generated by S ,, and T, defined by

T, = lim L )and D', 1(X) is generated byM'S, andM T .

A2, A(/l,y
Proof:
@ If p =1,every element of ', is proportional to the distribution S, defined by

S.(¢) = [ @t 4, w)p(t)dt.

Therefore H'; is generated by the functional ¢ > LOOCD(t, A, 1)g(t)dt .
(b) Letp>1
(i) If F =R, qodd.

In the preceding proposition we havelS, —AS, =0and LS, —AS, =0for the caseqodd,
showing then that ', is generated by S, .
Meanwhile in [2: Proposition A.4], the elements of D', ; are described to be of the form
T =M Swhere S is an element of 7£’solution of the differential equation (E) i.e.
LS =a(t)S +b(t)S =4S .This implies that D', ,; (X) is generated by M 'S .

(i) The method to prove this case is identical to the previous one.

7. Determination of spherical distributions using Methée’s work

n
A Lorentz rotation of the space R"is any linear homogeneous transformation x,'=>" a; X,
k=1
n-1
(i=1...,n)that leaves invariant the quadratic formt = x? —fo and where the determinant
i=1
a, 1s equal tol.
1
n-1 2
Letv=x,andw = (Z xf} so thatt =v> —w?’.

i=1
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The domain defined in R™ byv > 0andt > Ois called interior of the future cone denoted by €2,
.The interior of the past cone defined byv <0andt > 0is denoted by (2, and exterior domain
of these two cones defined byt < 0is denoted by Q2,.

Every Lorentz rotation that leaves (2, invariant is called a proper rotation. But if Q,and 2, are

either invariant or permutable with the action of the Lorentz rotation then the rotation is said
to be improper.

We call invariant distribution every distributionT satisfying AT =T for every proper rotation
A. IfTis invariant and if 4,and A,are improper rotations then 4, T = A,T because 1,4, is a
proper rotation.
Define fiR* > R

X=(Xgyeey X, 1, V) > X

n-1
The point fx has x -coordinatet =v* —>"x? .

i=1

We denote by f, the restriction of f to the exterior of the past coneCQ,and by f its

restriction to the future cone CQY, .
The inverse images f 't_, f, 't and f 't of a point of R of negative x -coordinatet, <0 are

all identical to an hyperboloid [6]. For everyt,, each of the sets f 't and f 't is invariant
under the group G of proper rotations and transitive on it.

Thereafter, every invariant function ¢(x) defined on R™ — O (O is the origin) is constant on
each of these sets.

Let " (t) be its value on f 't and ¢~ (t) its value on f 't .

We have
p=1'¢"InCQ,, p=f ¢ InCQ, 3)
Then [6]:

¢ (t)=¢ (t) fort>0 (4)

Conversely, to every pair(¢”,¢ )of functions on R and satisfying (4) corresponds an
invariant function ¢ in R™ — O defined by (3).
Meanwhile, De Rham [9] stated that if O is the only critical point of the map f then to every
distribution S in R’ corresponds a distribution f *S defined in R™ — O but in general in R"
.However, if suppS then the centre O does not adhere to the support of f *Sin R™ — 0 and the
distribution f *Sis thus defined in R™ considering the fact f *S = 0in the O-neighborhood.
Then to a Dirac distribution S, in R (representing a mass +1at the point & = &) corresponds in
R"a distribution H, = f "5, which is defined inR for every integer ¢ = 0and for which the
support is the hyperboloidt = &.m

To the kth derivative S* of S, corresponds similarly a distribution H* = f *S* with support
the same hyperboloid. Let Y (&) be the Heaviside functionY (&) =1for& > 0and Y (&) = Ofor
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& <0.To the distribution Y, = Y(& — ¢) corresponds the distribution f*Y, = Y(t — &) equal to
1in the regiont > ¢ and equal to O in the regiont < £.These formulae

(k)
dYg _ —Sgand ng =—S£k+l) (5)
de de
imply
d d  « K+l
—Y({t-g)=-H,, —H=—H/ (6)
de de

(Y(t—&) isinfinitely differentiable for & = 0 but for & = 0).
However Methée [6] stated also that f ‘cis the upper plane (t >0)of the hyperboloid
t = £(¢ > 0) and that f "¢ the lower plane (t < 0) of the same hyperboloid.

Definition 7.1
Given a function g(g) defined for & > 0, we see that there exists a unique linear combination

I (¢) of functions of the form & log#* , where  is an integer > 0and A is a number of which the
real partis <0.Also A =0is excluded if z = 0such that g(¢) — I (¢) tends towards a finite limit

wheng — +0.
This linear combination I (¢) if it exist is called infinite part of g(¢) for & — +0and the limit in

question is called finite part (originally called “partie finie”) of g(&) for & — +ecand
Pf g(e)=lim(9(e) -1 (<)

If there is no linear combination I (¢), say that Pf ) is meaningless.

e—>+0

If g(¢) is defined for & <0, we similarly define Pf ,, fore — 0.

>0

De Rham [9] also stated that Pf Y(t —&)t"always exists and then represents a distribution

e—>+0

well-defined in R™.

Now to obtain spherical distributions, we need to solve o T = AT =(0—-A4)T =0.Letk =—-1
so we have (o+k)T =0.The pair of distributions inR associated with every invariant
distribution of the equation (o+k)T =0consists of distributions satisfying (L + x)F =0or

d’ d
(L, +x)F =0, whereL, :4tdt_2+2n_ :

dt
But,
n-1 n-1
d d d)z d)z
L —=—L ,andforn even(L K +k) — =| — +k 7

n-1

IfV satisfies (L, +k)V =0 ,thenF = [%) * V satisfies (L, +k)F =0.
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Conversely if F satisfies this last equality and if F is the derivative of order%(n —1) of certain
n-1

V,, we have (%) ’ (L, +k)V, =0, then (L, +k)V, is a polynomial of degree < %(n -1).

If k = Othen there exists a polynomial P of degree < %(n —1)such that (L, +k)p = (L, +k)V,.

n-1

ThusV =V, — psatisfies (L, +k)V =0and we have F = [%) V.

With a similar reasoning in the case where n is even, we arrive at the following result.
Ifnis odd (or even) and k = 0, the solution F of the equation (L, + k)F =0 are the derivatives

of order% (n —1)(or % (n— 2)} of the solutionsV of the equation

(L, +k)V =0(or(L, +k)V =0).
First, we let n be odd.
Consider (L, + x)V = 0.The usual solutions of this equation are [6].

sin vkt

1
g, (t) = cos vkt and|t|2 g, (t) where g, (t) = N

(which are both entire functions oft).
From [6:¢ 9] we see that

1 1
V =ag, (t) + bPfY, g, (t) +cPft 2g, (t) + dPf (1—Y_£)t|§ gz(t)+2em5m
where Zemém is a distribution with support the origin of R .

It is clear that the distribution g, (u) satisfies (L, + x)V =0
From [6:(8.1), (8.5) and (10,2)], we get forn =1
(L +K)Y, 0,(0) = (-20,(2) + 429, (£) )5, + 420, ()3,

1

3 3
(L, +K)Y,129,(t) = 4629, (£)5, + 4529, (£)S,
3 3

1 hd 2
t29,(t) =4679,(-€)d., +4£%9,(-€)d.,

(L +ka-Y.,)

whence
(L, +K)PFY, g, (t) =25

(8)

1
(L +K)PFY,t2g,(1) = (L, + )P (1— Y20, (t) =O.
Then from [6: (5.2)] follows
(L, +k)o™ =-2(2m+3)6™Y + ks™ .
Therefore the general solutionV of (L, +k)V =0Qis an arbitrary linear combination of the

following three distributions
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1 1
PFY,t2g,(t), P (1= Y_,)[t29,(1) , 9,(t) 9)
From the remark above, the general solution of (L, +k)F =0fornodd is an arbitrary linear

combination of the derivatives of order%(n —1) of these three distributions (9).

And Pf and %being permutable, we have [6].

n-1

=P ] Y00 R =P ] =Y 20,0, Fo=| ] 0.0,

Thus, the pair associated with every invariant distributionT of the equation (o+k)T =0 must
be a linear combination of the four pairs (F,,0), (0, F),(F,,F,),(F;, F;).

The method developed in [6: f 8] shows that the invariant distributions defined on R™ are as

follows
n-1 n-1
LdYz o 5 SdYz 1
T,=Pf £=|" Y.t?0,(t) T, =Pf £ = @-Y_)20,(t)
dt dt
(10)

They are associated to (F;,0) and (F,, F,) respectively.
The transformT,of T, under the improper Lorentz rotation is associated to(0,F,)and the

n-1

distributionT, = (%} i g, (t) continuous on R™ is associated to (F;, F;).

The distributionT is necessarily a linear combination of the distributionsT,, T,,T,and T, added

to a distribution with support O.

Now let us see the ones which are linear combinations that satisfy
(o+k)T =0.

We have:

n-1
— 1
(0+k)T, = Pf (0+k) f:(%j * Y t2g,(t)
1
: ay. !
=Pf /(L +k)| o | Y2,

But from (9) and (10) we can write
n-1 n-1

(L, + k)[%jz Y.t70, (1) = (%j (L, +K)Y.t20, (1)

= 4329'2 (8)5(”;lJ + 45292 (8)5@;1)

& &

This implies
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3 n-1 3 n+l
(o+k)T, =4Pfe?g,(¢)H,2 +4Pfe?g,(g)H,? .

After many calculations, it is shown [6] that
n-1

(a+k)T, =(+k)T, =7 2 §,and
(o+k)T, =(c+k)T, =0
And taking k = —A this proves this theorem:

Theorem 7.2
Ifniseven(n>3)and A # 0, the invariant general solution of the equation (0+x)T =0, i.e.

oT =ATisT =a(T, —T,) +bT, +cT, whereT,and T, are defined by (12) which

(t) = sinv/— At
g2 - \/—_M

and whereT, is the transform of T, under the improper Lorentz rotation and

n-1

2
where T, is the distribution equal to the invariant function(%) cos v — At

The case n odd (n > 4) similarly developed gives

n-1
d)z2

T,=Pf £ —1| Y, h(t

1 +[dtj é.l()

n-2

(11)

T, = Pf f(%) (Y, +1-Y_)h, (1)

And the following theorem follows:

Theorem 7.3
Ifnis odd(n>4)and A # 0, then the general solution of equation (0—A)T =0is (with three

arbitrary constants a, b and c):

T =a(T, -T,)+bT, +cT,

where T, and T,are defined by (13) in which h,(t) = J, (V- At), J being the classical Bessel
function and h, (t) is another linearly distinct solution of the equation

(L, —A)V =0and where T, is the transform of T, under an improper Lorentz rotation and

where
n-2

T, =(3j 3 (=),
dt
3. RESULTS
In this paper, solid foundations were established through the arguments on the hyperbolic

space, the cone, representations and intertwining operators. Further, it is exposed that
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spherical distributions can be derived using the Fourier transform and the hypergeometric
function. In addition, we employed an effort to show that spherical distributions can be
obtained by solving the equation LS = AS with the guide of Methée’s sequel [6].

4. CONCLUSION

Here, we established a relationship that translates into bringing out spherical distributions in a
different facet. We deem fit to propose that spherical distributions can be expressed more
simply when the underlying manifold is a compact Lie group.
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