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Abstract: In this paper, we begin with the study of the hyperbolic spaces 
H

G where 𝑮 =

𝑼(𝒑. 𝒒; 𝔽) and 𝑯 = 𝑼(𝟏; 𝔽) × 𝑼(𝒑 − 𝟏, 𝒒; 𝔽), 𝔽 = ℝ, ℂ or ℍ denotes the set of real 

numbers, complex numbers and  quaternions respectively. In the articles of J. Faraut [2] 

and M.T. Kosters and G. van Dijk [4], spherical distributions were derived following two 

different methods. The first method is to describe the behavior   of spherical distributions 

making use of the Fourier transform of finite and infinite functions. The second is to 

express them as SM ' where 𝑴′: 𝓗′ → 𝓓′(𝑿) is a transpose map and S is a solution to the 

differential equation  ')(")( StbStaLS and making use of the hypergeometric 

functions. Now we show that spherical distributions T can be obtained through a 

particular distribution S on ℝ by solving the equation .SLS   The technique of Methe̒e’s 

[6] is instrumental for the context. 

 

Keywords: Distribution, Spherical, Hyperbolic, Hypergeometric.  
                                                             

1. INTRODUCTION 

 

A distribution is a continuous linear functional on the space of test functions.  

 Let G  be a Lie group and let H be a closed subgroup of G and let
H

GX   be the 

homogeneous space.  

A differential operator on X is said to be invariant if it commutes with the action ofG . 

A distribution T on X is called spherical distribution if: 

(i) T is eigendistribution of the Laplace operators ,i.e. □T=λT  with 𝜆𝜖ℂ. 

(ii) T is H -invariant. 

 

2. METHODOLOGY 

 

1. The spaces 𝑼(𝒑, 𝒒; 𝔽)/𝑼(𝟏; 𝔽) × 𝑼(𝒑 − 𝟏, 𝒒; 𝔽)  
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On 𝔽𝑛,we consider the hermitian form: 

qpqppppp xyxyxyxyyx 


_

11

__

1

_

1 ......],[                                  )( qpn   

and let 𝑈(𝑝, 𝑞; 𝔽) be the pseudo-unitary group preserving this norm.  

Suppose .1p The group 𝐺 = 𝑈(𝑝, 𝑞; 𝔽) acts on the projective space ℙ𝑛−1 = (𝔽) and the 

stabilizer of the right coset generated by the vector )0,...,0,1( is the group 𝐻 = 𝑈(1; 𝔽) ×

𝑈(𝑝 − 1, 𝑞; 𝔽) 
The homogeneous space

H
GX  is called hyperbolic space. 

Now if X is an nn matrix, we let pq

t

pq IXIX
_
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The Lie algebra );,( Fqpug  of G consist of nn  matrices X satisfying .0 XX They 

are matrices of the form
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 where 1X  and 3X  are antihermitian and 2X  is arbitrary. 
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 nIJ  and we define the map gg : by .)( JJX   

 

Then  is an involutive automorphim of g . 

The group of fixed points of is the Lie algebra h of .H  

Write 
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L   Then LL )( and RLa   is a maximal abelian subspace of 

}.)(/{ XXgXP    

Let m  be the centralizer of L  in h . Then 
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The nonzero eigenvalues of adL are 1  and  if RF   and  2,,2,1   if F  

ℂ or .H  
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For 
a ,let

g be the  simultaneous eigenspace for the elements )( aXadX  with 

eigenvalue ).(X  So },)()(:{ aXYXYXadgYg  
.Then
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 and we give the following decomposition of g into eigenspaces of adL  

)( gag   

       22 ggmgga  
 
 22 )( ggamggg  

. 

Put 
 2ggn  . 

Then n is a nilpotent Lie subalgebra of g . 

The subgroup A ofG corresponding to the Lie subalgebra a is given by 
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where Fw , 0
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 ww and z is a matrix of type )1,2( n  with coefficient in ,F
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The subgroup A normalizes N , that is, ).,(),( 2 zewenazwna tt

tt   

Define the function P on  0],[  yyFy n
 by  

 

],[
)(

~ 1

yy

yy
yP

n
  

 

The function P  is right-homogeneous of degree 0. 

)()(,0, yPytPtFt    and it is written wPP  
~

where P  is a function defined  on

X and �̅�: 𝔽𝑛 →  ℙ𝑛−1(𝔽)  is a canonical map. 

Then Faraut ( [2] p.390, proposition 4.2) proved the following analogue of the Iwasawa 

decomposition: 

 

Proposition 1.1.Let Xx  such that .0)( xP Then there exists an unique element ta of A

and a unique element ),( zwn of N such that  xazwnx t),( where eHx  .Also we have

).(log xPt   

 

2. The cone 𝔼 = 𝑮/𝑴𝑵 and the Poison kernel 

Here we present the Poison kernel and list some of its properties that we require in the sequel. 

We refer the reader to Faraut [2], Kosters and Van Dijk[4] for details. 

Let  be the isotropic cone of the hermitian form ],[ yy , that is, Γ = {𝑦 𝜖 𝔽𝑛/ [𝑦, 𝑦] = 0, 𝑦 ≠

0} 

Let M be such that the Lie algebra of M is m .The homogeneous space 𝔼 = 𝑮/𝑴𝑵  can be 

identified as the quotient set  ̴ where ~ denotes the equivalence relation on 𝔽𝑛 defined by  

              𝑦 ∼ 𝑦′ ⇔  ∃ 𝑢𝜖 𝔽 , |𝑢| = 1, 𝑦′ = 𝑦𝑢.  

 

Define for Xx and  gMN  𝔼 the map 𝑃: 𝑋 × 𝔼 →  ℝ by )(),( 1xgPxP   . 

This map is the Poison kernel. It satisfies the following properties: 

(i) ),(),(  xPggxP      𝑔 ∈ 𝐺, 𝑥 ∈ 𝑋, 𝜉 ∈ 𝔼 

 

(ii) 
],[

],[
),(

yy

y
xP


    

 where x is the class of y and  is the class of   

Define 𝑃: 𝔼 × 𝔼 →  ℝ 𝑏𝑦
 

],[),( ''  P    where  and ' such that   is the class of 

', is the class of ' .  

 

Then we obtain:  

(iii) ),(lim2),(  
t

t

t
gaPegP 


    ).,( EGg    
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 3. The representations s  

The subgroup of G stabilizing the right coset generated by the vector )1,0,...,0,1( , that is 

 FgGg    is a maximal parabolic subgroup of G equal to MAN [13].To every 

complex number we associate the character S of the parabolic subgroup MAN defined by 

   S

tS enma )(  

Define also the space 𝐸𝑠(𝔼) of functions on 𝔼 by 𝐸𝑠(𝔼) = {𝑓𝜖 𝐶∞/ 

)()( )(   gfegaf ts

t

 } 

 where Gg and .eMN  

Then the representation s of the group G induced by the character s is defined as following: 

   1)()(   gffgs  , 𝑓 𝜖 𝐸𝑠(𝔼), 𝜉 ϵ 𝔼, g ϵ G 

As the homogeneous space 𝔼 MNG  is identified as the quotient space    ̴ , a function of 

𝐸𝑠(𝔼)  satisfies   )(


ff
s

 ,∀𝜆 𝜖 𝔽  , 0 . 

Put  KkkB    where K  is a subgroup of G equal to 𝑈(𝑝; 𝔽) × 𝑈(𝑝; 𝔽). 

Let db denote the normalized K -invariant measure on B .Then it implies that the non-

degenerate bilinear form , defined on 𝐸𝑠(𝔼) × 𝐸−𝑠(𝔼) by 
B

dbbhbfhf )()(,  is G -

invariant [2] i.e. 

Gg ,   hfhgfg ss ,)(,)(  . 

Write 𝐸𝑠′(𝔼)for the topological dual of 𝐸−𝑠(𝔼)  and let s
' be the representation of G on 

𝐸𝑠′(𝔼)such that 𝐸𝑠(𝔼)can be regarded as a subset of 𝐸𝑠′(𝔼). 

 

Proposition :1.3 Let s be purely imaginary, 0s .Then s is (topologically) irreducible. 

Proof : Van dijk and Kosters [4] proved this theorem when ),1(),( RnGLRnSLX  . 

Now, let
ff   be the projection of )(GCc

 onto sE given by 

dmdtdnengmafgf
MAN

ts

t
 )()()( 

. 

dm  and dn  are here the respective Haar measures on M and .N  

 If ss EEA :  intertwines s then 
B

dbbgbAfgf )()(),(    GCgf c (,   defines a 

continuous G -invariant sesquilnear form on )(GCc

 . By the Schwartz kernel theorem [8] and 

the invariance of this form, there exists a distribution T on G such that 

    dbgbAfgfT o

B

o

 )(
~

,
              

 )(, GCgf c

   

and satisfying  

  )()()('' gTenangmmaT xsts

xt

  .  
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Such distributions T are unique up to scalar multiples, provided 0s .This is shown in [4] 

when applying the theory of Bruhat. The theorem is shown from the converse of Schur’s 

lemma for unitary representations.  

                                                                                                                                                                                

□ 

Define 𝑃1: 𝔼 → ℝ by ),()(1  xpP  . If is the class of a point  of  ,  then 11 )(  P

where 1 is  the first coordinate of .  

For sRe , the function F  defined on 𝔼 by
  sPF )()( 1 defines an element of 𝐸𝑠′(𝔼) 

i.e.  a continuous linear functional on 𝐸𝑠(𝔼): 




B

s dbbfbPfF )()(, 1


. 

 Also for all Hh , FFhs )( . 

If f 𝐸−𝑠(𝔼) , we define for 𝑠 ∈ ℂ sRe  
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s

s dbbfbP
ds
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Faraut [2] showed  the analytic continuation of the function )( fus s . 

 We also remark that   
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Let 𝜙 ∈ 𝒟(𝐺) 

    dggfugfu
G

ssss )()()()()( ''

   

                              









 



G B

s dggdbbfbgxP
ds

)()(),(

2

1





.  

Therefore ss u)('   𝐸𝑠(𝔼), i.e. ,   









 



G

s

ss dgggxP
ds

u )(),(

2

1
)()(' 


 

. 

This shows that  

𝑢𝑠 ∈ 𝐸𝑠
′(𝔼)  for all s  and ss uh )(' for all h . 

If 𝜙 𝜖 𝒟(𝐺), we define  ssss uu ,)()( '  . 

Then from ([2] p.396, proposition 5.4), the following proposition follows: 

Proposition 3.2. s  is a spherical distribution, that is, s is a H bi-invariant eigendistribution 

of □ for eigenvalue .  

http://journal.hmjournals.com/index.php/JECNAM
https://doi.org/10.55529/jecnam.25.34.57
http://creativecommons.org/licenses/by/4.0/


Journal of Electronics, Computer Networking and Applied Mathematics   

ISSN: 2799-1156 

Vol: 02, No. 05, Aug-Sept 2022 

http://journal.hmjournals.com/index.php/JECNAM 

DOI: https://doi.org/10.55529/jecnam.25.34.57 

 

 

 

 

Copyright The Author(s) 2022.This is an Open Access Article distributed under the CC BY 

license. (http://creativecommons.org/licenses/by/4.0/)                                                        40 

4. Intertwining operators 

If )(BCf  and s ℂ such that sRe , we define  




B

s

s dbbfbPfW )(),()(  . 

Faraut [2] shows that this function can be extended to a meromorphic function with simple or 

double poles in the set  
(𝜌 − 𝑑 − 2ℕ) ∪ (−ℕ) and that 
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)(
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22
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dqsdpss

s
ds

d
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Ws




 
Now let 𝑓 ∈ 𝐸−𝑆(𝔼). 

 For sRe we get  

  


B

s

s

s dbbfbP
W

fA )(),(
)1(

1
)()(  . 

Then the following theorem [2, 4] follows: 

 

Theorem 4. 1. (i) Suppose s is not an integer. If 𝑓 ∈ 𝐸−𝑠(𝔼)
 
 then 𝐴𝑠𝑓 ∈ 𝐸𝑠(𝔼)

 
 and the 

map 𝐴𝑠: 𝐸−𝑠(𝔼) 𝐸𝑠(𝔼)  is continuous. 

(ii) sA  intertwines the actions of G i.e. ssss AggA  )()(   . 

 

The usual Laplace –Beltrami operators 1 and 2 of the unit spheres 𝑆(𝔽𝑝) and 𝑆(𝔽𝑞) act on 

the space )(C  where ∑ = 𝑆(𝔽𝑝) × 𝑆(𝔽𝑞).  

)(BC
can be considered as a subspace of )(C i.e. 

 )()(,1,)()(  fufuFuCfBC  
.  

Let us consider for two integers  and 0m the subspace  

𝒴ℓ𝑚 = {𝑓 ∈ 𝐶∞(𝐵) Δ1𝑓 = −ℓ(ℓ + 𝑑𝑝 − 2)𝑓, Δ2⁄ 𝑓 = −𝑚(𝑚 + 𝑑𝑞 − 2)𝑓}  

Faraut [2] further shows that the KM  -invariant functions of 𝒴ℓ𝓂 
are proportional to the 

function lmw defined by )()()( 2

)2(

1
2

)2(

n

q

m

p

lm CCw 


   where 
C donates the th  

Gegenbauer polynomial of index . 

 

5. Determination of spherical distributions using Fourier transform 

 

Definition  5.1. If 𝜙 ∈ 𝒟(𝑋) then the Fourier transform 𝔼 × ℂ → ℂ  is given by 











 



X

s dxxxP
ds

s )(),(

2

1
),(ˆ 


 

 for ds  Re . 

Then we have from [2.4]: 

(i) For fixed ),(ˆ, s is an entire function of s  
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(ii) For fixed s ,  ),(ˆ s  𝐸𝑠(𝔼) that is ,it is a C function of  satisfying  ∀𝑡 𝜖 ℝ, 

),(ˆ),(ˆ )( sgesg ts

at

   .  

(iii) The Fourier transform commutes with the action of G . 

If we denote for  ,Gg  𝒟(𝑋) ,the function )( 1xgx  by  g  then 

),(ˆ)(),()( sgs sg    

(iv) (□ ) 
),(ˆ)(),( 22 sss   . 

For ds  Re , the spherical distributions on HGX  are 

dbbPsb
ds

s

B
s




 









 


 )(),(ˆ

2

1
)( 1 . 

(a) Fourier transform of K finite functions 

Every element Xx can be written as xkax t with .,0 Kkt  Since 𝑈(𝑝; 𝔽) is transitive 

on the unit sphere 𝑆(𝔽𝑃) the point x depends uniquely on the class kM where 

.KMM   

Meanwhile the pseudo-Laplacian □ on X  is given by 

□ f
t

f
tt

f
tA

ttA
f 2212 sinh

1

cosh

1
)(

)(

1



















 

where     11
)(

 
dqttdptt eeeetA  and 1 and 2 are differential operators on  defined 

as above.  

Therefore if 𝑓 ∈ 𝒴ℓ𝓂, then  

□
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In case qpm   i.e. if 2d then 1)( tA  and 

 □
t
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f

t
f

22 sinh

)22(1
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)22(1

1
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□
2

2

t

f
f






 

 So we easily see that when 2d  i.e. for
)1()1(

)1,1(

UU

U
X


  , the pseudo-Laplacian is 

 □
2

2

t

f




 . 

Now consider a finite function 𝜙 ∈ 𝒟(𝑋)  of type ),( m  that is, of the form )()()( btFx      
where Υ ∈ 𝒴ℓ𝓂. 
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The function F can be written as )()( tFttF m

  where F is an even function of 𝒟(ℝ)  . 

Then we give the expression of Fourier transform for such functions. 

(i) Suppose that 𝔽 =  ℝ. 

 We consider )(b as a function defined on 

 Σ = 𝑆(ℝ𝑝) × 𝑆(ℝ𝑞),  𝑏 = (𝜎′, 𝜎′′) ,where 𝜎′ ∈ 𝑆(ℝ𝑝) and 𝜎′′ ∈ 𝑆(ℝ𝑞)  

and  ),( s   is a function defined on the isotropic cone . 

𝜉 = (𝜆𝜏′, 𝜆𝜏′′),𝜏′ = 𝑆(ℝ𝑝), 𝜏′′ = 𝑆(ℝ𝑞), 𝜆 ∈ ℝ, 𝜆 ≠ 0 

We obtain 

 �̂�(𝜉, 𝑠) =
4𝜋𝜌+1

Γ(
𝑝

2
)Γ(

𝑞

2
)

2−2𝜌 |𝜆|𝑠−𝜌

Γ(
𝑠−𝜌+1

2
)

× ∫ ∫ ∫ |𝑐𝑜𝑠ℎ𝑡𝜏′. 𝜎′ − 𝑠𝑖𝑛ℎ𝑡𝜏′′. 𝜎′′|𝑠−𝜌
𝑆(ℝ𝑞)𝑆(ℝ𝑝)

∞

0
 

𝐹(𝑡)Υ(𝜎′, 𝜎′′)𝐴(𝑡)𝑑𝑡𝑑𝜎′𝑑𝜎′′ 

Because of K invariance, the restriction of ),(ˆ s  to   belongs to 𝒴ℓ𝓂and since 𝒴ℓ𝓂is 

irreducible with the action of K , we have )()(
~

),(ˆ 





sFs
s

 , 

 F
~

depending uniquely on (ℓ, 𝓂)  and .F  

To calculate )(
~

sF ,we consider the particular case  

)()()()( 2

)2(

1
2

)2(

n

q

m

p

m CC 


  .   

We obtain  dttAtFstsF m )()(),()(
~







   

with 

1

2

2

2

2

2 )1()1(

2

1

1
2

2

1

2

1

4
),(





















 








 







 




qP

m CC
sqp

st 


 


 

  n

p

n

q

m

ps

n ddCC 


1
2

2
2

1
2

2

1

1

1

2

2
1

1
1 1)()(sinhcosh








     . 

 The relation □ ),(ˆ)(),( 22 sss    implies that the function ),( sm   is a solution of 

usu
t

qmm

t

p

dt

du
tA

dt

d

tA
)(

sinh

)2(

cosh

)2(
)(

)(

1 22

22








 











 
. 

This equation can be solved by substituting t2tanh  as a new variable in the equation then we 

arrive at  a hypergeometric differential equation. Solving the latter, we obtain (using the fact 

that ),( stm  is regular for 0t ) that  ),()(),( stsst mmm      

where 

    













t

q
m

mpsms
Fttst

sm

m

2

12 tanh;
2

;
2

2
,

2
coshtanh),(






 

and the numbers
 )(sm are calculated in [2]:

 

http://journal.hmjournals.com/index.php/JECNAM
https://doi.org/10.55529/jecnam.25.34.57
http://creativecommons.org/licenses/by/4.0/


Journal of Electronics, Computer Networking and Applied Mathematics   

ISSN: 2799-1156 

Vol: 02, No. 05, Aug-Sept 2022 

http://journal.hmjournals.com/index.php/JECNAM 

DOI: https://doi.org/10.55529/jecnam.25.34.57 

 

 

 

 

Copyright The Author(s) 2022.This is an Open Access Article distributed under the CC BY 

license. (http://creativecommons.org/licenses/by/4.0/)                                                        43 








 





2

)2)...(2)((
)(

pms

sss
bs mm 


 


   where 0mb  

We notice that ).,(),( stst mm     

Finally, 








 dttAtFstsst mm

s
)()(),()()(),(ˆ    

(ii) When 𝔽 = ℂ or ℍ , the results are the same.  

In all cases 





 ,)()(),()()(),(ˆ dttAtFstsbbsb mmm 
 

where








 





2

)2)...(2)((
)(

dpms

msss
bs mm









   and  

    













t

dq
m

mdpsms
Fttst

sm

m

2

12 tanh;
2

,
2

2
,

2
coshtanh),(





 

(b) Expression of )( s when   is K finite. 

Let )()()( btFx      ),0,( 
 kMbtxkax t    where Υ ∈ 𝒴ℓ𝑚  

 We make use of the expression 

dbbPsb
ds

s

B
s




 









 


 )(),(

2

1
)( 1  for ds  Re  

This implies that 

dbbPb
ds

dttAtFsts
B

s

mms 













 


 


 )()(

2

1
)()(),()()( 1

0
 . 

 Let m  be the function on defined by 

 𝜔ℓ𝑚(𝜎) = ∫ 𝐶
ℓ

𝑝−2

2 (𝑅𝑒(𝜎1 𝑢))𝐶𝑚

𝑞−2

2 (𝑅𝑒(𝜎𝑛 𝑢))𝑑𝑢
∪(1;𝔽)

. 

 Then 𝜔ℓ𝑚 ∈ 𝒴ℓ
𝑑𝑝 ⊗ 𝒴𝓂

𝑑𝑞
  and satisfies  

1,),()(  uFuu mm   . 

And so, 𝜔ℓ𝑚 ∈ 𝒴ℓ𝑚 

In the distribution sense, we have 

         










 




even

oo

s bscbP
ds 

 )()()(

2

1
1 




 

      where 0c . 

Finally, we obtain 
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B
omoms dbbbdttAtFstssc )()()()(),()()()(

0
   

 

Theorem  5.2.   

(i) ss    for all 𝑠 𝜖 ℂ . 

(ii) If 1p , the distribution s  vanishes for certain values of s  but for all s ,the entire 

function

 
s

dsds










 







 


22
 is non- zero. 

(iii) If 𝔽 =  ℝ, 1p  and q  is odd, 0s for all s . 

(iv) If 𝔽 =  ℝ 1, p  and q is even or if 𝔽 = ℂ 𝑜𝑟 ℍ  

          ,...2,1,0),2(  rrs                   0s  

          ,...2,1,0),2(  rrs                    0s  

Proof: 

(i) The distributions s and s  are spherical distributions relative to the same eigenvalue              

22   s . From [2], they are proportional except for certain isolated values of s .When 

is K -  invariant, Kosters and Van Dijk [2] show that ss   . 

(ii)  If 𝔽 =  ℝ and q is odd, for all s we can find a number  such that 0)()( 00 ss    

then 0s . 

(iii) If 𝔽 =  ℝ and q is even or if 𝔽 = ℂ 𝑜𝑟 ℍ and if )2( rs    we can find a number

  such that 0)()( ss oo   . 

However if )2( rs    for every pair ),,( m  

               
0)( lom s   showing that 0s . 

 (c)    Behavior of s  at infinity 

       The following theorem [2] helps in discussing spherical distributions at infinity: 

 

Theorem 5.3. 

The Fourier transformation Fs satisfies As◦ F-s
 

)(s ◦Fs 
where sA is the intertwining operator 

defined in  4 and








 









 




2

2
)(

dps

dps

s




   is a meromorphic  function. 

      Now, define the function )(sc by 











 



B

s
s

dbbP
ds

sc 





),(

2

2
)(  for ds  Re .  

Then 
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222

)(222
)(





dqsdpss

s

dqdp

sc
s

 

       Proposition 5.4. 

Let 𝜙 𝜖 𝒟(𝑋) 

Let )()( xax tt   . 

For ds  Re  we have 

            
),(ˆ)()()(lim )( sssce ts

ts

t

  


. 

Proof:   

 We have 











 



B

s

tts dbbaPsb
ds




 )(),(ˆ

2

1
)( 1   

And then 

        

















 



B

s
s

ts

ts

t
dbbPsb

ds
e 


 


 ),(),(ˆ

2

2
)(lim 1

)( . 

           By Theorem 5.3,  ),(ˆ)()()(lim )( sssce ts

ts

t

  


. 

6. Determination of spherical distributions using the hypergeometric function. 

In this section, we evaluate for each  the space 𝒟′
𝜆,𝐻(𝑋) of H-invariant eigendistributions of 

□     for eigenvalue . 

The basic ideas are identical to those in [2,4]. 

We define XQ :  ℝ satisfying the following properties: 

       (a)    Q is H invariant.  

       (b)   Q is real analytic. 

       (c)   x  is a non-degenerate critical point for Q .The Hessian of Q  in this point has 

signature    )1(, pddq . 

       (d)     If 1)(,1  xQp . 

       (e)     If 0,1  Qp . If 0)( xQ ,then x  is a degenerate critical point and the manifold

 0)( xQ  is a  non-degenerate critical manifold.  

The Hessian of Q  in this point has signature )0,(d . 

Let F be a continuous function on ℝ .We consider the distribution T defined on X by 

      𝑇(𝑓) = ∫ 𝐹[𝑄(𝑥)]𝑓(𝑥)𝑑𝑥, 𝑓 ∈ 𝒟(𝑥) 

T  is H -invariant.  

If t  is not a critical point ofQ  we can define the mean value Mf on  txQ )(  by 

         
X

dxtxQxftMf )()()(  . 
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Then for every continuous function F on ℝ, 

    ∫ 𝐹[𝑄(𝑥)]𝑓(𝑥)𝑑𝑥 =
𝑋

∫ 𝐹(𝑡)𝑀𝑓(𝑡)𝑑𝑡
ℝ

  

The function Mf has singularities in the critical points of Q  that are 1t and 0 . 

(a) If 1p , then   ,1supMf  and  

  )(1)( 1

1
2 tttMf

dq




  where 𝜙1 ∈ 𝒟([1, ∞)) 

(b) If 1p , then   ,0supMf  and 

 

 )()()()( 1

1
2 tttttMf

d

 


, where  and 1 are functions of 𝒟([𝑜, ∞))and   depends on

pd , and q as following: 

d  p  q  )(t  

1 odd 

 

 

even 

 

 

even or odd 

odd 

 

 

odd 

 

 

even 

 

)1)(1(  tt  

1)1(  tLogt   

 

 
)1)(1( tt   

 2 or 4 - - )1)(1( tt   

 

where 1
)1(2





pd

d
 and denotes the Heaviside function 1)(  t  if 0t  and

0)(  t  if 0t . 

Now, let ℋ=ℋ ),,( qpd be the space of functions defined on  ,0  of the following form: 

(a) If 1p   )()1()( 1

1
2 ttt

dq




  where  𝜙1 ∈ 𝒟([1, ∞)). 

(b) If 1p     )()()()( 1

1
2 ttttt

d

  


 where   and 1  are functions of 𝒟([0, ∞)) 

We easily see that for 1p , the functions  of ℋ are of the form )()()()( '

1

' tttt   

where '

 and 
'

1  are functions of 𝒟(ℝ). 

 

Define a function 𝒳: 𝒟(ℝ) → ℝ by 𝒳(𝑓) = 1 in the 0-neighborhood. 

 On the space ℋ𝜏 = {∅ ∈ ℋ ∕ 𝑠𝑢𝑝𝑝∅ ⊂ [−𝜏, 𝜏]} 

  We consider for every integer n and every integer
2


 nm  the seminorm


















 



k
n

k

k

m

t

tBttt
dt

d
tp

0

1 )()()(sup)(   and for every integer 0k  the seminorm 
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)()(2 kBtp  . 

The seminorms define on ℋ𝜏 a Frechet topology. ℋ is the inductive limit of the spaces ℋ𝜏

.It consists of all  with compact supports belonging to C for 0t and satisfying the 

following fact: 

There exists numbers )(kk BB  such that for every n , nk
n

k

k CtBtt  
0

)()(   whenever 

mn 
2


.Therefore ℋ is equipped with the inductive limit topology.  

Then we have: 

 

Theorem 6.1 

(a) 𝑀: 𝒟(𝑋) → ℋ is continuous and surjective. 

(b)The image 𝑀′(ℋ′) of the transpose map M’: ℋ′ → 𝒟′(𝑋)  between the dual topological 

vector spaces consists of all H -invariant distributions on X . 

(c)□ LMM  ''  . 

 

Then follows the following important result [2] on the space of spherical distributions: 

 

Theorem 6.2. 

Let 𝒟′𝜆,𝐻 
be the space of H -invariant distributionT on X and that are solutions of □ TT  . 

(a) If ,1p for all 𝜆 ∈ ℂ, dim 𝒟′
𝜆,𝐻(𝑋) = 1. 

(b) Let 1p . 

(i) If 1d  and q is odd and 𝜆 ∈ ℂ then 𝑑𝑖𝑚𝒟′
𝜆,𝐻(𝑋) = 1. 

(ii) If 1d and q is even or if d=2 or 4 for every ,...,2,1,0),2)(2(2  rqpdrr

then 𝑑𝑖𝑚𝒟′
𝜆,𝐻(𝑋) = 1  

and for every thenrqpdrr ,...,2,1,0),2)(2(2   

𝑑𝑖𝑚𝒟′
𝜆,𝐻(𝑋) = 2. 

Now we express spherical distributions in terms of the hypergeometric function. 

Consider on the interval [0,∞) the differential equation 

  0)()( '''  yytbytayLy                                                   )(E  

 with 

     





















2
1

2
4)(

)1(4)(

d
t

d
tb

ttta


. 
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The solutions of )(E can be expressed in terms of the hypergeometric function. In [1], it is 

established that the unique solution of )(E defined on the complex plane (-∞, 0] 𝑖𝑠

      























 t

s
d

s
d

Ft 1;1;
2

2,
2

2),,( 12 


   

where 

2

2

2










d
s  is not a negative integer.  

For 11 t   i.e. )2,0(t ,  

!

)1(
),(),,(

0 k

t
at

k

k

k


 





    

with 

k

kk

k

s
d

s
d

a
)1(

2

2

2

2

),(













































    

where 

)1)...(1(
)(

)(
)( 




 k

k
k 




 . 

On the other hand, the equation )(E has an analytic solution in O which is 





















2

;
2

2,
2

2),,( 12

d
s

d
s

d

FtF




 
 defined on  ,1  

(a) If   is not an integer, the function





)1(

),,(
),,(

t

t
tW




  is a solution of )(E and we 

have 

       109108.;1 pp : 

           





)1(

),,(
)(),(),,()(),(),,(

t

t
AtAtF






 
           with 
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2
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s
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s
d

d

A



  

(b) If   is an integer 0 ,then we have if  )2,0(t then




 





1

0 !

)1(
),()1)((),(),,(


 

k

k

k
k

t
atAtF






 




0

1

!

)1(
),(),,()1(),(

!

)1(

k

k

k
k

t
bttLogA 





  
with  

 ),()(),(),()(),(lim),( vavvAvavAb kk
v

k  


 


. 

Now let S be an element of the space ℋ′(𝑑, 𝑝, 𝑞) which is solution of )(E where 

)1(
2

 qp
d

 . 

On each of these intervals )1,0( and ),1(  ,S is an ordinary solution of )(E .Also this solution 

must be regular at 0 showing that its restriction to )0,1( is proportional to ),,( F .The 

regularity for O helps in defining the distributions S and T  

 





00
)(),,(),,(

2

1
lim)( dttitFitFS 


  

 





00
)(),,(),,(

2

1
lim)( dttitFitF

i
T 


 . 

We remark that if )22(2   drrr , then 0T .We now show that every 

∅ 𝜖ℋ(𝑑, 𝑝, 𝑞) has a unique expansion in the neighborhood of1. 

Let m be a fixed integer 1 and denote by )(tP polynomials of degree  divisible by mt .In 

particular 0P  unless m . 

We have from [9] that 


 CPt )( if and only if 0P .                                                                                      )1(  

In the case of ℋ, 
CtP )()1(  . 

We shall consider functions of class C outside the origin 


 CP                                                                                                                             )2(  

for at least one polynomial P . 
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It follows from (1) that P is uniquely determined by .It is convenient to write




 
0

)( k

k tBP where the coefficient )(kB are linear function of  and 0)( kB  if 
 C

at the origin. Expanding (2) in Taylor series around 0t , 

 



 

0

)()()()()( totAtPtt k

k
. 

We obtain another set jB of functionals  with supports at the origin.  

Then, 

  



0

)()()()()( totBttAt k

k

k

k . 

As   

 
 


0 0

)()()()( k

k

k

k tBttAt  . 

Therefore in the neighbourhood of 1, every function with the property (2) has a unique 

expansion of the form 

 
 


0 0

)()1()()()1()(  k

k

k

k BttAtt . 

From [2: Proposition A.5, Proposition 3.3] and the ordinary solutions of )(E , the following 

proposition follows. 

 

Proposition 6.3 .  

Let 1p . 

(a)    𝔽 = ℝ (𝑑, 1), p odd, q odd. 

0  sLS  

  BATLT sin)1(),(4   

(b) 𝔽 = ℝ )1( d , p even, q odd. 

0  sLS  




  BATLT )1(),(4)1( 1    

(c) 𝔽 = ℝ )1( d , p odd, q even 

  BAsLS )1(),(4   

0  TLT  

(d) 𝔽 = ℝ )1( d , p and q even or F  ℂ or )42( ordH   

  BBASLS cos)1(),(4   

0  TLT . 

We denote by ℋ′𝜆 
the space of a solution of )(E in the space ℋ′ = ℋ′(𝑑, 𝑝, 𝑞) .We can now 

describe the generators of ℋ′𝜆 𝑎nd then the generators of 𝒟′
𝜆,𝐻(𝑋). 
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Theorem  6.4.  

(a) If 1p , then ℋ′𝜆 
is generated by the linear functional 




1

)(),,( dttt   . 

(b) Let 1p  

(i) If 𝔽 = ℝ , q odd, then the space ℋ′𝜆 
is generated by S and 𝒟′

𝜆,𝐻(𝑋) is generated by

SM '  

(ii) If 𝔽 = ℝ, q even or  if 𝔽 = ℂ or ℍ. For 

)2)(2(2  qpdrrr , ,...,2,1,0r
 
ℋ′𝜆 

is generated by T and 𝒟′
𝜆,𝐻(𝑋) is generated 

by TM ' . 

For,  )2)(2(2  qpdrrr , ,...,2,1,0r ℋ′𝜆 
is generated by rS and '

rT defined by 

),(
lim







A

T
T

r

r


 and 𝒟′
𝜆,𝐻(𝑋) is generated by

r
SM 

' and ''

r

TM


. 

Proof: 

(a) If 1p ,every element of ℋ′𝜆 is proportional to the distribution 1S defined by 

        



1

1 )(),,()( dtttS  . 

Therefore ℋ′𝜆 is generated by the functional 



1

)(),,( dttt   . 

(b) Let 1p  

             (i)  If 𝔽 = ℝ, q odd.  

In the preceding proposition we have 0  SLS and 0  SLS for the case q odd, 

showing then that ℋ′𝜆 is generated by S . 

Meanwhile in [2: Proposition A.4], the elements of 𝒟′𝜆,𝐻 
are described to be of the form

SMT ' where S is an element of ℋ′solution of the differential equation )(E  i.e. 

SStbStaLS  ''' )()( .This implies that 𝒟′
𝜆,𝐻(𝑋) is generated by SM ' . 

           (ii)The method to prove this case is identical to the previous one. 

                                                                               

7. Determination of spherical distributions using Methe̒e’s work 

A Lorentz rotation of the space ℝ𝑛 is any linear homogeneous transformation 



n

k

kiki xax
1

'

),...,1( ni  that leaves invariant the quadratic form 





1

1

22
n

i

in xxt and where the determinant

ika is equal to1. 

    Let nxv  and
2

1

1

1

2








 





n

i

ixw so that 22 wvt  . 
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The domain defined in ℝ𝑛 by 0v and 0t is called interior of the future cone denoted by 1

.The interior of the past cone defined by 0v and 0t is denoted by 3 and exterior domain 

of these two cones defined by 0t is denoted by 2 . 

Every Lorentz rotation that leaves 2 invariant is called a proper rotation. But if 1 and 3 are 

either invariant or permutable with the action of the Lorentz rotation then the rotation is said 

to be improper. 

 We call invariant distribution every distributionT satisfying TT  for every proper rotation

 . IfT is invariant and if 1 and 2 are improper rotations then TT 21   because
1

12

 is a 

proper rotation. 

Define                     𝑓: ℝ𝑛 → ℝ 

 fxvxxx n ),,...,( 11   

The point fx has x -coordinate 





1

1

22
n

i

ixvt . 

We denote by f the restriction of f to the exterior of the past cone 3C and by f its 

restriction to the future cone 1C . 

The inverse images tf 1 , tf 1

 and tf 1

 of a point of ℝ of negative x -coordinate 0t are 

all identical to an hyperboloid [6]. For every t , each of the sets tf 1

 and tf 1

 is invariant 

under the group G of proper rotations and transitive on it. 

 Thereafter, every invariant function )(x defined on ℝ𝑛 − 𝑂 (O is the origin) is constant on 

each of these sets.  

Let )(t be its value on tf 1

 and )(t its value on tf 1

 . 

We have 


  f in 3C , 


  f in 1C                                                                          )3(  

Then [6]: 

      )()( tt    for 0t                                                                                           )4(  

Conversely, to every pair ),(   of functions on ℝ and satisfying (4) corresponds an 

invariant function in ℝ𝑛 − 𝑂 defined by (3). 

Meanwhile, De Rham [9] stated that if O is the only critical point of the map f then to every 

distribution S in ℝ′
 corresponds a distribution Sf 

defined in ℝ𝑛 − 𝑂 but in general in ℝ𝑛
 

.However, if suppS then the centre O does not adhere to the support of Sf 
in ℝ𝑛 − 𝑂 and the 

distribution Sf 
is thus defined in ℝ𝑛

 considering the fact 0Sf in the O-neighborhood.  

Then to a Dirac distribution S in R (representing a mass 1 at the point   ) corresponds in
nR a distribution   fH which is defined in R for every integer 0 and for which the 

support is the hyperboloid t .m 

  To the kth derivative )(kS of S corresponds similarly a distribution )(



 SfH  with support 

the same hyperboloid. Let )( be the Heaviside function 1)(   for 0 and 0)(   for
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0 .To the distribution )(   corresponds the distribution )(   tf equal to

1in the region t and equal toO in the region t .These formulae 





S

d

d



and )1(

)(
 k

k

S
d

dS





                                                                                  (5)  

                    imply 




Ht
d

d
 )( ,  1 kk HH

d

d



                                                                      (6) 

)((  t  is infinitely differentiable for 0 but for )0 . 

However Methe̒e [6] stated also that 1f is the upper plane )0( t of the hyperboloid

)0(  t and that 1f the lower plane )0( t of the same hyperboloid. 

 

Definition 7.1 

Given a function )(g defined for 0 , we see that there exists a unique linear combination

)(I of functions of the form 


 log , where  is an integer 0 and is a number of which the 

real part is .0 Also 0 is excluded if 0 such that )()(  Ig  tends towards a finite limit 

when 0 . 

This linear combination )(I if it exist is called infinite part of )(g for 0 and the limit in 

question is called finite part (originally called ‟partie finie″) of )(g for  and 

))()((lim)(
00




IggPf 


. 

If there is no linear combination )(I , say that
0

)(



gPf is meaningless. 

If )(g is defined for 0 , we similarly define
0

)(



gPf for 0 . 

De Rham [9] also stated that
httPf )(

0







always exists and then represents a distribution 

well-defined in ℝ𝑛. 

Now to obtain spherical distributions, we need to solve □  TT  (□  ) 0T .Let k

so we have (□ k ) 0T .The pair of distributions in R associated with every invariant 

distribution of the equation (□ k ) 0T consists of distributions satisfying 0)(  FL  or

0)(  FLn  , where
dt

d
n

dt

d
tLn 24

2

2

  . 

  But, 

2 nn L
dt

d

dt

d
L  and for n  even    kL

dt

d

dt

d
kL

nn

n 




















1

2

1

2

1

                               (7) 

IfV satisfies 0)( 1  VkL ,then V
dt

d
F

n

2

1









 satisfies 0)(  FkLn . 
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Conversely if F satisfies this last equality and if F is the derivative of order )1(
2

1
n of certain

OV , we have 0)( 1

2

1











O

n

VkL
dt

d
, then OVkL )( 1  is a polynomial of degree )1(

2

1
 n .  

If 0k then there exists a polynomial P of degree )1(
2

1
 n such that OVkLpkL )()( 11  .  

Thus pVV O  satisfies 0)( 1  VkL and we have V
dt

d
F

n

2

1









 . 

 With a similar reasoning in the case where n  is even, we arrive at the following result. 

 

If n is odd (or even) and 0k , the solution F of the equation 0)(  FkLn are the derivatives 

of order 







 )2(

2

1
)1(

2

1
norn of the solutionsV of the equation

 0)(0)( 21  VkLorVkL . 

First, we let n be odd.  

Consider 0)( 1  VL  .The usual solutions of this equation are [6]. 

kttg cos)(1  and )(2
2

1

tgt where
kt

kt
tg

sin
)(2  (which are both entire functions of t ). 

From [6:∮ 9] we see that 

m

metgtdPftgcPfttgbPftagV    )()1()()()( 2
2

1

2
2

1

11  
where

m

me  is a distribution with support the origin of ℝ . 

It is clear that the distribution )(1 ug satisfies 0)( 1  VL   

From [6:(8.1), (8.5) and (10,2)], we get for 1n  

  '

1

'

1111 )(4)(4)(2)()(   gggtgkL 
                     

 

'

2
2

3

'

2
2

3

2
2

1

1 )(4)(4)()(   ggtgtkL 
                   

 

'

2
2

3

'

2
2

3

2
2

1

1 )(4)(4)()1)((     ggtgtkL
                                    (8)

 

whence 

 2)()( 11  tgPfkL  

0)()1()()()( 2
2

1

12
2

1

1   tgtPfkLtgtPfkL  . 

Then from [6: (5.2)] follows 
)()1()(

1 )32(2)( mmm kmkL   
. 

Therefore the general solutionV of 0)( 1  VkL is an arbitrary linear combination of the 

following three distributions 
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)(2
2

1

tgtPf  , )()1( 2
2

1

tgtPf  , )(1 tg                                                                           (9) 

From the remark above, the general solution of 0)(  FkLn for n odd is an arbitrary linear 

combination of the derivatives of order )1(
2

1
n of these three distributions (9). 

And Pf and 
dt

d
being permutable, we have [6]. 

)(2
2

1
2

1

1 tgt
dt

d
PfF

n













, )()1( 2
2

12

1

2 tgt
dt

d
PfF

n













 , )(1

2

1

3 tg
dt

d
F

n









 . 

Thus, the pair associated with every invariant distributionT of the equation (□ k ) 0T must 

be a linear combination of the four pairs ),(),,(),,0(),0,( 332211 FFFFFF . 

The method developed in [6: 8 ] shows that the invariant distributions defined on ℝ𝑛
 are as 

follows 

PfT 1 )(2
2

1
2

1

tgt
dt

d
f

n













     , PfT 2 )()1( 2
2

12

1

tgt
dt

d
f

n







 







                                  

(10) 

They are associated to )0,( 1F and ),( 22 FF respectively.  

The transform 1T of 1T under the improper Lorentz rotation is associated to ),0( 1F and the 

distribution )(1

2

1

3 tg
dt

d
T

n









 continuous on ℝ

𝑛
  is associated to ),( 33 FF . 

The distributionT is necessarily a linear combination of the distributions 211 ,, TTT and 3T added 

to a distribution with support O.  

Now let us see the ones which are linear combinations that satisfy 

(□ k ) 0T . 

We have: 

(□ k ) PfT 1 (□ k ) )(2
2

1
2

1

tgt
dt

d
f

n













  

                   Pf )()( 2
2

1
2

1

tgt
dt

d
kLf n 










  

But from (9) and (10) we can write 

)()()()( 2
2

1
2

1

2
2

1
2

1

tgtkL
dt

d
tgt

dt

d
kL n

nn

n  




















  

                                                   







 







 

 2

1

2
2

3

2

1

'

2
2

3

)(4)(4

nn

gg    

This implies 
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(□ k ) 2

1

2
2

3

2

1

'

2
2

3

1 )(4)(4





nn

HgPfHgPfT   . 

After many calculations, it is shown [6] that 

(□ k ) 1T (□ k ) o

n

T  2

1

1



 and 

(□ k ) 2T (□ k ) 03 T  

And taking k this proves this theorem: 

 

Theorem 7.2 

If n is even )3( n and 0 , the invariant general solution of the equation (□  ) ,0T i.e.  

□ TT  is 3211 )( cTbTTTaT   where 1T and 2T are defined by (12) which 

t

t
tg










sin
)(2 and where 1T is the transform of 1T under the improper Lorentz rotation and 

where 3T is the distribution equal to the invariant function t
dt

d
n











cos
2

1

 

The case n odd )4( n similarly developed gives 

PfT 1 )(1

2

1

th
dt

d
f

n















                                                                              (11)

 

PfT 2 )()1( 2

2

2

th
dt

d
f

n

 



 







 

And the following theorem follows: 

 

Theorem 7.3 

 If n is odd )4( n and 0 , then the general solution of equation (□  ) 0T is (with three 

arbitrary constants a, b and c): 

3211 )( cTbTTTaT 
 

where  1T  and 2T are defined by (13) in which JtJth o ),()(1  being the classical Bessel 

function and )(2 th  is another linearly distinct solution of the equation 

  0)( 2  VL  and where 1T  is the transform of 1T  under an improper Lorentz rotation and 

where 

)(
2

2

3 tJ
dt

d
T o

n













. 

                                                                         

3.      RESULTS 

 

In this paper, solid foundations were established through the arguments on the hyperbolic 

space, the cone, representations and intertwining operators. Further, it is exposed that 
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spherical distributions can be derived using the Fourier transform and the hypergeometric 

function. In addition, we employed an effort to show that spherical distributions can be 

obtained by solving the equation 𝐿𝑆 = 𝜆𝑆 with the guide of Methe̒e’s sequel [6]. 

                                                                         

4.    CONCLUSION 

 

Here, we established a relationship that translates into bringing out spherical distributions in a 

different facet. We deem fit to propose that spherical distributions can be expressed more 

simply when the underlying manifold is a compact Lie group. 
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