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Abstract: Let D be a directed graph with p vertices and q arcs. A vertex in-magic total
labeling (VIMTL) is a bijection f:V(D)U A(D) — {1,2,...p + q} with the property that
for every v € V(D),f(v) + Xuerw) f((v,w)) = M, for some constant M. Such labeling is
Even if f(V(D)) = {2,4,6 ...,2p}.In this paper, we explore the Even Vertex In-magic total
labeling (EVIMTL) of some 2-regular directed graphs.

Keywords: Digraphs, Vertex In-Magic Labeling, Even Vertex In-Magic Total Labeling
1. INTRODUCTION

Graph Labeling is one of the most growing areas in graph theory. In graph theory, the
labeling of graphs noticed to be a theoretical topic. It is used in countless applications like
coding theory, X-Ray crystallography and astronomy etc. Design of graph labeling is helpful
to network security, network addressing and social network in communication network. A
magic total labeling of a graph is a motivating research area.

Throughout this paper, D = (V, A) is taken as a digraph with p vertices and g arcs. For a
vertex v € V(D), the set I(v) = {u|(u,v) € A(D)} is called the in-neighbourhood of v. The
in-degree of v is defined by deg~(v) = |I(v)|.A general reference for graph theoretic
notions is[1].

A labeling of a graph G is a mapping from a set of vertices(edges) into a set of numbers,
usually integers. Many kinds of labelings have been studied and an excellent survey of graph
labelings can be found in [2].

Copyright The Author(s) 2021.This is an Open Access Article distributed under the CC BY
license. (http://creativecommons.org/licenses/by/4.0/) 1



http://journal.hmjournals.com/index.php/JECNAM
https://doi.org/10.55529/jecnam.12.1.11
http://creativecommons.org/licenses/by/4.0/

Journal of Electronics, Computer Networking and Applied Mathematics

ISSN: 2799-1156

Vol: 01, No. 02, Oct - Nov 2021 A \
http://journal.nmjournals.com/index.php/JECNAM JECNAM |
DOI: https://doi.org/10.55529/jecnam.12.1.11

In 1963, Sedlacek!™ introduced the concept of magic labeling in graphs. A graph G is magic
if the edges of G can be labelled by a set of numbers{1,2, ... g} so that the sum of labels of all
the edges incident with any vertex is the same.

In 2002,Macdougall et al.[3] introduced the notion of vertex magic total labeling (VMTL) in
graphs. Let G(V, E) be a graph with |V(G)| = p and |E(G)| = q.A one-to-one map f from
V(G) U E(G) onto the integers {1,2, ...,p + q} is a VTML if there is a constant M so that for
every vertex x € V(G),f(x) + Y f(xy) = M, where the sum is taken over all vertices y
adjacent to x.

In 2015,Alison M.Marr et.al[5] extended the study of VMTL in directed graphs, in the name
‘vertex in-magic total labelings’. In the same year, Arumugam et.al[6] introduced the notion
of E- super vertex in-magic total labeling(E-SVIMTL) in digraphs. A vertex in-magic total
labeling of a digraph D is a bijection f from V(D) U A(D) - {1,2, ...,p + q} with the
property that for every vertex v € V(D), f(v) + Xyeiw) f((v,u)) = M, for some constant
M. Such a labeling is E-super vertex-in total(E-SVIMT) if f(4) = {1,2,3,..q}. A digraph D
which admits an E- SVIMTL is called an E-SVIMTL digraph.

CT. Nagaraj et al[7] in introduced the concept of an Even vertex magic total labeling. A
vertex magic total labeling is even if f(V(G)) ={2,4,...,2n}.A graph is called an even
vertex magic if the graph has an even vertex magic total labeling.

C.T Nagaraj et al[8] also studied Even vertex magic total labeling of some 2-regular graphs.

In this paper we define a new labeling called Even Vertex-In Magic Total
Labeling(EVIMTL).An Even Vertex-In Magic Total Labeling(EVIMTL) is a bijection
f:V(D)U A(D) - {1,2,...p + q} with the property f(V(D)) = {2,4,6 ...,2p} and for every
v € V(D),f(v) + Xuerw) f((v,u)) = M, for some constant M. A digraph that admits an
EVITML is called an Even vertex-in magic total(EVIMT).From the definition of EVITML,
it is easy to observe that p < q.

2. MAIN RESULTS

In this section, we verify the existence of Even vertex-in magic total labeling for some 2-
regular digraphs.

Lemma 2.1. If a digraph D(p, q) is an even vertex-in magic total (EVIMT), then the magic
constant M is given by M = %’;’Lq“).

Proof: Let f be an EVIMTL of D. Note that M = f(v) + Xyei) f ((v,u)) forall v € V(D).
Summing over all v € V(D), we get
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M= ) f@+ > Y fmw)= Y f@+ Y > fww)

veV(D) veV(D) uel(v) veEV (D) veV(D) uel(v)

pM=[1+3+-+2p—1]+[2+4+ -+ 2p]+[1+2+ -+ @+ Q] - [1+2+ ..+ 2p]
pM =[1+2+---+(p+q)]:@+q)(++q+1)and
2p '

Theorem 2.1 The digraph D = C; U C,, , t = 1 admits EVIMTL with magic constant 8¢ + 7

iDroof:
Letthe V(D) ={a;:1<i<3}U{b;:1<i<4t} andA(D) = {(ai'ai@sl): 1<i<
3} U {(bi,bi @,1) 1 SIS 4t} be the vertex set and arc set of D respectively.

Define f: V(D) U A(D) - {1,2,....8t + 6} as follows

_ 8t + 2i ifu=aqa; for 1<i<3
f(”)‘{ 2i ifu=b;, forl<i<at and
7 — 2i ife=(a,,a@,1) for1<i<3

Now we prove f isan EVIMTL

Case 1: Suppose v = q;
Then

fw)+ Zuel(v)f((v'u)) = f(a) + f( (ai,ai @31)) = [8t +2i] +[7—2i] =8t +7.

Case 2: Suppose v = b;
Then

f) + Zueiw) f((v,w) = fFB) + f((bi, big,,1)) = [2i] + [8t +7 — 2i] = 8t + 7.
The digraph D = C_g’ U Z{,t > 1 admits EVIMTL with the magic constant 8t + 7.
Example 2.2 Consider the digraph D = C? U T,‘t taking t = 4.

Here V(D) ={a;:1<i<3}U{b;:1<i<16} and A(D) = {(ai,ai@sl):l <i<
3Ju{(b;,bi@,1): 1< i< 16} bethe vertex set and arc set of D respectively.
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Define f: V(D) U A(D) — {1,2, ....38} as follows

_ 32+ 2i ifu=a; for 1<i<3
f(”)‘{ 2i  ifu=b; forl<i<16 and
7-2i ife=(a;,q;@,1): 1<i<3
fle) = 39-2i ife=(b,big,1)for1<i<16

34

36 3

2 37 4 35 6 33 8 31 10 29 12 27 14 25 16
< O - O O O O O
7 23
> »O >0 > >0 >0 >
32 9 30 11 28 13 26 15 24 17 22 19 20 21 18

Figure : G, UC,, k=139

Now we prove f isan EVIMTL

Case 1: Suppose v = q; fori = 1,2,3
Then f(v) + Zueiw) f (v, ) = f(a) + f((a;, @i g,1)) = [32 + 2] + [7 — 2i] = 39.

Case 2: Supposev =b; for1 <i <16
Then f(v) + Zuerw) f (0, ) = (b)) + F((bi, by ,51)) = [2i] + [39 — 2i] = 39.

The graph C3 U Cy; t = 1 is EVIMT with the magic constant 39.

Theorem 2.3 The digraph D = E{U Cuts2,t =1 admits EVIMTL with magic constant
8t + 11.

Copyright The Author(s) 2021.This is an Open Access Article distributed under the CC BY
license. (http://creativecommons.org/licenses/by/4.0/) 4



http://journal.hmjournals.com/index.php/JECNAM
https://doi.org/10.55529/jecnam.12.1.11
http://creativecommons.org/licenses/by/4.0/

Journal of Electronics, Computer Networking and Applied Mathematics

ISSN: 2799-1156

Vol: 01, No. 02, Oct - Nov 2021 o \
http://journal.nmjournals.com/index.php/JECNAM JECNAM |
DOI: https://doi.org/10.55529/jecnam.12.1.11

Proof:
Letthe V(D) ={az1<i<3}uUf{b:1<i<4t+2} and A(D) = {(ai A1)l <

i < 3} U {(bi’bi @uipl)i 1S i< 4t + 2} be the vertex set and arc set of D respectively.

Define f: V(D) U A(D) — {1,2, ....8t + 10} as follows

_ 8t+2i+4 ifu=aq; for 1<i<3
f(”)‘{ 2i  ifu=b; forl<i<4t+2 and
e) =
MOV srv11-2 ife=(b, by, )forl<i<it+2

Now we prove f isan EVIMTL

Case 1: Suppose v =q; for1 <i <3
Then f(v) + Tuerw) f(v, W) = f(a) + f((a;,a;@,1)) = [8t + 2i + 4] + [7 — 2i] = 8t + 11.

Case 2: Suppose v = b; for1 <i <4t +2
Then f(v) + Yuerw) (W) = f(B) + F((bi, bi @,,,,1)) = [2i] + [8t + 11 — 2i] = 8¢ + 11.

The graph C3 U Cye4p t = 1 admits EVIMTL with the magic constant 8t + 11.

Example 2.4 Consider the digraph D = C? U Cyr4o taking t = 4.

Here V(D) ={a;:1<i<3}u{b:1<i<18} and A(D)= {(ai,ai@31):1 <i<
3JU{(b;,bi@,41): 1< i< 18} be the vertex set and arc set of D respectively.

Define f: V(D) U A(D) - {1,2, ....42} as follows

_ 36 + 2i ifu=a; for 1<i<3
f(”)_{ 2i  ifu=b, forl<i<18 and
B 7 —2i if e=(a;,0;9,1) for 1<i<3
fle) = 43 — 2i if e = (b;,b;g,,1) for 1<i<18

Now we prove f isan EVIMTL
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Case 1: Suppose v =q; for1 <i <3
Then

f@) + Zueiw) (W) = f(@) + f((ai, a4 0,1)) = [36 + 2i] +[7 — 2i] = 43,

Case 2: Suppose v =b; for1 <i <4t + 2
Then f (V) + Tueiw) f((0, W) = F(b) + f((bi, big,g1)) = [2i] +[43 — 2i] = 43.

The graph C3 U Cye4p t = 1is EVIMT with the magic constant 43.

aa

16 27 18

25

36 9 34 11 32 13 30 15 28 17 26 19 24 21 22 23 20

Figure 2: C,UC,, k=43

Theorem 2.5 The digraph D = C, U Cyps3,¢ = 1 admits EVIMTL with magic constant
8t + 15.

Proof:

Letthe V(D) ={a;:1<i<4}uf{b:1<i<4t+3}andAD) ={(a; a;g,1):1<
[ < 4} U {(bi,bi Guea1) 1 ST <4t + 3} be the vertex set and arc set of D respectively.

Copyright The Author(s) 2021.This is an Open Access Article distributed under the CC BY
license. (http://creativecommons.org/licenses/by/4.0/) 6



http://journal.hmjournals.com/index.php/JECNAM
https://doi.org/10.55529/jecnam.12.1.11
http://creativecommons.org/licenses/by/4.0/

Journal of Electronics, Computer Networking and Applied Mathematics

ISSN: 2799-1156

Vol: 01, No. 02, Oct - Nov 2021 P
http://journal.nmjournals.com/index.php/JECNAM JECNAM J
DOI: https://doi.org/10.55529/jecnam.12.1.11 .

Define f: V(D) U A(D) — {1,2, ....8t + 14} as follows

()_{ 8t+2i+6 ifu=a; for1<i<4
flw) = 2i ifu=b, forl<i<t+3
and

( 9 —2i ife=(a;,q,1) 1<i<4
fle) = 8t+15—2i  ife=(b,,big,, ;1)for1<i<4t+3.

Now we prove f isan EVIMTL

Case 1: Suppose v =q;,1 <i <4

Then f(v) + Zuerw) (0, W) = f(@) + f((a;, q ®,1)) = [8¢ + 20+ 6] +[9 — 2] = 8t + 15.
Case 2: Suppose v =b;,1 <i <4t+3

Then f(v) + Zuerw) f (v, W) = F(b) + f((D;, b g,,,51)) = [2i] + [8t + 15 — 2i] = 8¢ + 15.
The digraph D = C? U T,‘t,t > 1 admits EVIMTL with the magic constant 8t + 15.
Example 2.6 Consider the digraph D = C? U m takingt = 3

Here V(D) ={a;:1<i<4}uU{b;:1<i<15} and A(D) = {(ai,ai@41): 1<i<
43U {(b;,b;@,;1):1 < i < 15} be the vertex set and arc set of D respectively.

Define f: V(D) U A(D) - {1,2, ....38} as follows

_ 30 + 2i ifu=a; for 1<i<4
f(”)_{ 2i  ifu=b; forl<i<15 and
9-2i ife=(a;,q;g,1): 1<i<4
fley= 39-2i  ife= (b, bigy1)for1<i<1s
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Figure 3:C,UC,. k=39
Now we prove f isan EVIMTL
Case 1: Suppose v =a; for1 <i <4
Then f(v) + Zuerowy f((0, W) = fla) + f((a;, @i @,1)) = [30 + 2] +[9 — 2i] = 39.
Case 2: Suppose v = b; for1 <i < 15
Then f(v) + Tuerw) F((0, ) = F(by) + F((by, by @,1)) = [2i] +[39 — 2i] = 39.
The graph C3 U Cye43 t = 1is EVIMT with the magic constant 39.

Theorem 2.7 The digraph D = au Cut+1,t =1 admits EVIMTL with magic constant
8t + 11.

Proof:

Letthe V(D) ={a;1<i<4}uU{b:1<i<4t+1} and A(D) = {(al. Q@)1 <
i < 4} U {(bi big, 1) 1<i<4t+ 1} be the vertex set and arc set of D respectively.

Define f: V(D) U A(D) — {1,2, ....8t + 10} as follows
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_ 8t+2i+2 ifu=a; for 1<i<4
f(”)‘{ 2i  ifu=b, forl<i<4t+1 and
fle) = . . ! .
8t +11—2i ife=(b,,big,, 1)for1<i<4t+1

Now we prove f isan EVIMTL

Case 1: Suppose v =q; for1 <i <4
Then f(v) + Tuerw) f((v, W) = f(a) + f((a;, a1 ,1)) = [8t + 2i + 4] + [9 — 2i] = 8t + 11.

Case 2: Suppose v =b; for1 <i <4t +1
Then f(v) + Sueiw) f (0, w) = fF(b) + f((by, b g,,,,1)) = [2i] + [8t + 11 — 2i] = 8t + 11.

The graph C3 U Cye4p t = 1 admits EVIMTL with the magic constant 8t + 11.
Example 2.4 Consider the digraph D = C? U Cyr4q taking t = 3.

Here V(D) =f{a;:1<i<4}uU{b:1<i<13} andA(D) ={(q;,a;@,1):1<i<
4} U {(b,;,b;@,51):1 < i < 13} be the vertex set and arc set of D respectively.

Define f: V(D) U A(D) - {1,2, ....34} as follows

_ 26 + 21 ifu=aqa; for 1<i<4
f(“)‘{ 2i  ifu=b; forl1<i<13 and
B 9 —2i ife=(a;,a,9,1) for 1<i<4
fle) = 35— 2i if e=(b;,big,,1) for 1<i<13

Now we prove f isan EVIMTL

Case 1: Supposev =q; for1 <i <4

Then  f(v) + Yueiw) f (v, ) = f(a) + f((a:,a;9,1)) = [26 + 2i] +[9 — 2i] =
35.

Case 2: Suppose v = b; for1 <i <13
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Then f(v) + Zuerw) f((0,0)) = f(b) + f((bi, big,1)) = [2i] + [35 — 2i] = 35.

The graph C3 U Cyeyq t = 1is EVIMT with the magic constant 35.

7
28 O 30
1 5
34 3 32
2 33 4 31 6 29 8 27 10 25 12
< Ot Ca C4———O
23>
9 O14
/
O > »O NG e >
26 11 24 13 22 15 20 17 18 19 16

3. CONCLUSIONS

In this paper we have discussed some cycles of graphs that admits EVIMTL. In future we can
prove different types of graphs which satisfy EVIMTL.
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