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Abstract: In this paper, we explore Modified Euler’s technique & classical Runge Kutta 

technique of order 4th. These numerical techniques are employed to provide an approximate 

solution to an initial value problem with ordinary differential equations. These approaches 

are certainly effective and practically good for solving ordinary differential equations, & 

they are all used to evaluate degree of accuracy of each approach. We create a table of 

approximate solution and exact solution comparisons to acquire and assess the level of 

accuracy of numerical data. The exact and approximate solutions show good agreement, 

and we compare the computational effort required by the proposed methods. Additionally, 

we observed that numerical solutions with very short step sizes provide more accurate results. 

We now identify the errors in the suggested methods and graphically illustrate them to 

demonstrate their superiority over one another. The Runge-Kutta 4th order approach is 

more effective in terms of results and also produces less error. 

 

Keywords: Modified Euler’s Technique, Classical Runge- Kutta Technique, Error Analysis. 

 

1. INTRODUCTION  
 

The engineering problems that we don’t know came from a lot of different perspectives. There 

is an important role of numerical methods in solving the problems with a good experience in 

science and engineering fields. Numerous real-world issues are transformed into differential 

equations in the area of engineering mathematics. We take small step size h in both the 

techniques. The original conditions are scaled at the initial points only are labelled initial value 

problems [5,11]. Numerous scientists investigate the principles of differential equations and 

other common patterns that cannot be adequately explained using mathematical language. To 
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simple differential equations we may obtained close form solution [2]. On the other way many 

differential equations so much, complicated that can’t be expressed in closed form solution. In 

each scenario, numerical techniques offer additional tools for resolving differential equations 

given the initial conditions. [2]. 

 

Leonhard Euler created the ancestor of all numerical techniques used currently between 1768 

and 1770 [12]. Runge-Kutta and modified techniques were first implemented in 1895 and 1905, 

respectively, by Carl Runge and Martin Kutta [11]. We have excellent and comprehensive 

publications on topic that can be consulted, like [1,15,24,25,4-10]. In [21] Islam argued that 

initial value problems to ordinary differential equations may be accurately solve numerically 

using Runge-Kutta technique of fourth order, whereas [20] provided accuracy analysis of such 

a solution [13,16,18,22,28]. Without using restrictive transformations or discretization, this 

study employs Euler's & Runge-Kutta technique of fourth order. 

 

Following a review of the literature, some authors have taken the initiative to maintain high 

accuracy in their solutions to initial value problems. We are aware of the differential equation 

in one of the domains of numerical analysis by the names of the widely used algorithms, 

modified Euler's technique and Runge-Kutta technique. When there is no analytical solution to 

the problem, one of the key functions of numerical analysis is to provide a numerical response. 

The analysis of numerical technique problems is a crucial component of learning numerical 

analysis. So, in order to calculate the effectiveness of a procedure, forecasting errors is 

necessary. The first numerical technique Euler technique. This method can be understood in 

the simple way and geometrically smooth to express. In this method we need to take small 

value h due to this the method is not good for practically. If we take h large this method is not 

accurate. This approach is most popular since it offers trustworthy starting points, is especially 

appropriate when computing higher derivatives is challenging [20], & numerical results are 

highly encouraging.  

 

Finally, examples' findings demonstrate the convergence & error analysis's ability to clearly 

demonstrate effectiveness of techniques we employed. Euler's method is a single-step, 

straightforward process that requires not much time. Because 
𝑑𝑦

𝑑𝑥
  i.e., f (x, y) varies quickly in 

the Euler's approach, there is significant difference between computed & exact value. The 

benefits of Runge-Kutta method include its ability to calculate difficult higher order derivatives 

with accuracy from the very beginning. Runge-Kutta technique accuracy is higher than 

modified Euler's technique, & other benefit of this method is that it just needs function value 

at some points on sub-intervals. Due to its constant starting values and the fact that its results 

converge more closely to the analytical solution than those of other two techniques, Runge-

Kutta method is best-fitting numerical method. 

The paper is organized as follows: section 2 present problem formulation; section 3 present 

numerical examples; section 4 discusses results; & section 5 present study's conclusion. 

 

Problem Formulation  
The approximate solution of I.V.P. of differential equation of form is derived in this section 

with two numerical approaches.     
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y’(x) = f(x,y)       x ε (a,b)   y(a) = yo                                         (2.1) 

 

where y’(x) = 
𝑑𝑦

𝑑𝑥
 , f(x,y) is given function & y(x) is solution of (2.1)     

 

Modified Euler Method  

This method uses a line whose abscissa is the average of x0 & x1 to approximate curve on an 

interval (x0, x1) where x1 = x0 + h. The generalised Modified Euler technique is yn+1(x) = yn(x) 

+ h f (xn +
ℎ

2
 , yn + 

ℎ

2
 f (xn, yn) 

 

Runge – Kutta Method  
Runge-Kutta methodology is a technique to solve differential equations. By 1894, Karl Runge 

and Wilhelm Kutta, two mathematicians, developed this method. Because it yields precise and 

effective results, Runge-Kutta method is well-liked. 

 

The general solution for Runge – Kutta method of 4th order is  

K1 = hf (xn, yn) = hf                         

K2 = hf (xn + 
ℎ

2
 , yn + 

𝑘1

2
)                 

k3 = hf (xn + 
ℎ

2
 , yn + 

𝑘2

2
)                    

k4 = hf (xn + h, yn + k3)                                     

yn+1 = yn + 
1

6
 (k1 + 2k2 + 2k3 + k4)    

 

Numerical Examples 
In this part of the paper, we take two examples and solve them by using the proposed methods 

and we also determine that which method converges fast to the actual solution. Then we find 

error for proposed techniques & represents results, error graphically. Mathematically 

convergence of numerical method is defined as lim
ℎ→0

max
1≤𝑛≤𝑁

|𝑦(𝑥n) −  𝑦n| = 0 & error is defined 

as lim
ℎ→0

max
1≤𝑛≤𝑁

|𝑦(𝑥n) −  𝑦n| where y(xn) is approximate solution & yn is actual solution.  

 

Example (1) 

Let’s assume differential equation 
𝑑𝑦

𝑑𝑡
 = 5t2 + 2t − 5𝑦, y(0) =  

1

3
  in interval 0 ≤  𝑡 ≤ 1 Actual 

solution of above differential equation is y(t) = t2 + 
1

3𝑒5𝑡
  

Now, we obtained an approximate solution of above differential equation by using proposed 

methods by taking h = 0.1 & find error estimation of proposed technique and finally draw 

graphs of answers of above differential equation as shown below. 

 

Table 1: Approximate solution of proposed two techniques 

N Tn Modified Euler’s 

Technique 

Runge – Kutta 

Technique of Order 4th 

Exact Solution  

0 0.00 333333333333× 10−12 333333333333× 10−12 333333333333× 10−12 

1 0.10 220833333333× 10−12 212282986111× 10−12 212176886571× 10−12 
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2 0.20 174270833333× 10−12 162765457718× 10−12 162626480390× 10−12 

3 0.30 176419270833× 10−12 164516540751× 10−12 164376720049× 10−12 

4 0.40 216512044271× 10−12 205240505195× 10−12 205111761079× 10−12 

5 0.50 287820027669× 10−12 277476660704× 10−12 277361666208× 10−12 

6 0.60 386137517293× 10−12 376698077980× 10−12 376595689456× 10−12 

7 0.70 508835948308× 10−12 500157948357× 10−12 500065794474× 10−12 

8 0.80 654272467693× 10−12 646189588456× 10−12 646105212963× 10−12 

9 0.90 821420292308× 10−12 813781703412× 10−12 813702998846× 10−12 

10 1.00 1009637682692× 10−12 1002320668998× 10−12 1002245982333×
10−12 

 

Table 2: The proposed techniques Error estimation are compared to exact answer 

n tn Modified Euler’ 

Technique 

Runge – Kutta 

Technique of order 

4th 

Exact Solution 

0 0.00 0.000000000000 0.000000000000 333333333333× 10−12 

1 0.10 8656446762E−12 10609954 E−12 212176886571× 10−12 

2 0.20 1164435294E−12 13897732 E−12 162626480390× 10−12 

3 0.30 1204255078E−12 13982070 E−12 164376720049× 10−12 

4 0.40 1140028319E−12 12874411E−12 205111761079× 10−12 

5 0.50 1045836146E−12 1149944 E−12 277361666208× 10−12 

6 0.60 954182783 E−12 10238852 E−12 376595689456× 10−12 

7 0.70 8770153834E−12 92153883 E−12 

 
500065794474× 10−12 

8 0.80 8167254730E−12 84375494 E−12 646105212963× 10−12 

9 0.90 771729346 E−12 78704566 E−12 

  
813702998846× 10−12 

10 1.00 7391700359E−12 74686665 E−12 

 

1002245982333×
10−12 
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Figure1: The above figure represents Approximate solution for proposed techniques with 

exact solution. 

 

 
Figure 2: Error graph for proposed two techniques. 

 

Example (2) 

Let’s assume differential equation 
𝑑𝑦

𝑑𝑡
 = 

2

𝑡2+1
 − 

2𝑡𝑦

𝑡2+1
 in interval 0 ≤ 𝑡 ≤ 1 with y(0) = 1. 
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Exact solution of above differential equation is y(t) = 
2𝑡+1

𝑡2+1
 

 

Now, using proposed techniques and h = 0.1, obtained approximate solution of above 

differential equation, then estimate error estimation of proposed techniques & lastly draw 

graphs of solutions of above differential equation as shown below. 

 

Table 3: Approximate solution of proposed Techniques. 

n tn Modified Euler’s 

Technique 

Runge - Kutta 

Technique of order 

4th 

Exact solution 

0 0.00 1000000000× 10−9 1000000000× 10−9 1000000000× 10−9 

1 0.10 1187128712× 10−9 1188118764× 10−9 1188118811× 10−9 

2 0.20 1344353306× 10−9 1346153608× 10−9 1346153846× 10−9 

3 0.30 1465526995× 10−9 1467889340× 10−9 1467889908× 10−9 

4 0.40 1549060650× 10−9 1551723173× 10−9 1551724137× 10−9 

5 0.50 1597265955× 10−9 1599998664× 10−9 1600000000× 10−9 

6 0.60 1615015698× 10−9 1617645444× 10−9 1617647058× 10−9 

7 0.70 1608321183× 10−9 1610736481× 10−9 1610738255× 10−9 

8 0.80 1583221347× 10−9 1585364030× 10−9 1585365853× 10−9 

9 0.90 1545108042× 10−9 1546959536× 10−9 1546961325× 10−9 

10 1.00 1498430678× 10−9 1499998300× 10−9 1500000000× 10−9 

 

Table 4: The proposed two approaches Error estimation are compared to exact answer. 

n tn Modified Euler’s 

Technique 

Runge – Kutta 

Technique of order 4th 

Exact Solution 

0 0.00 0.000000000 0.000000000 1000000000× 10−9 

1 0.10 990099 E−09 47 E−09 1188118811× 10−9 

2 0.20 1800539 E−09 237 E−09 1346153846× 10−9 

3 0.30 2362908 E−09 567 E−09 1467889908× 10−9 

4 0.40 2663487 E−09 964 E−09 1551724137× 10−9 

5 0.50 2734044 E−09 1335 E−09 1600000000× 10−9 

6 0.60 2631359 E−09 1613 E−09 1617647058× 10−9 

7 0.70 2417071 E−09 1773 E−09 1610738255× 10−9 

8 0.80 2144506 E−09 1823 E−09 1585365853× 10−9 

9 0.90 1853283 E−09 1789 E−09 1546961325× 10−9 

10 1.00 1569321 E−09 1699 E−09 1500000000× 10−9 
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Figure 3: The above figure represents Approximate solution for proposed techniques with 

actual solution. 

 

 
Figure 4: Error graph for proposed techniques. 

 

2. RESULT DISCUSSION  
 

Tables 1 and 3 show roughly acquired answers from two examples, while Tables 2 & 4 show 

two approaches' error analyses when compared to precise solution. Figures 1 and 3 show the 

two cases' approximations of the results. Figures 2 and 4 alongside each other to show 

graphically depict the error estimation of the suggested method for two examples. According 

to results table, Runge-Kutta fourth order technique converges more frequently to exact 
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solution than Modified Euler techniques. The amount of error is largest for the modified Euler 

technique and minimal for Runge-Kutta fourth technique of fourth order, according to error 

graphs. In summary, we obtained that Runge-Kutta fourth order technique is most successful 

technique for solving IVPs of ordinary differential equations since it converges precisely & 

quickly in comparison to the Modified Euler methods. 

 

3. CONCLUSION 

 

This study employs Runge-Kutta, Modified Euler techniques to solve initial value issue of 

differential equation, & assesses degree of correctness of each of these suggested approaches. 

The error table and error graphs provide a clear picture of which strategy is more effective. 

Even if the numerical answers of all techniques are in good agreement with actual answer, 

Runge-Kutta 4th order methodology was shown to more reliable & to converge to exact solution 

more quickly than Modified Euler methods. The Runge-Kutta technique is frequently used 

because it is believed to be more precise, stable, consistent, & convergent than any other 

techniques that have been proposed. 

 

4. REFERENCES 

 

1. Akanbi, M. A.  (2010). Propagation of Errors in Euler Method, Scholars Research 

Library. Archives of Applied Science Research, 2, 457 – 469.  

2. Atkinson K, Han W, Stewart D, (2009) Numerical Solution of Ordinary Differential 

Equations. New Jersey: John Wiley & Sons, Hoboken: 70-87. 

3. Bosede, O., Emmanuel, F., Temitayo, O. (2012). On Some Numerical Methods for 

Solving Initial Value Problems in Ordinary Differential Equations. IOSR Journal of 

Mathematics (IOSRJM) Vol. 1 (3): 25-31. 

4. Boyce W, DiPrima R, (2000) Elementary Differential Equations and Boundary Value 

Problems. New York: John Wiley & Sons, Inc.: 419-471. 

5. Brenan, K., Campbell S, Petzold L, (1989). Numerical Solution of Initial-Value Problems 

in Differential-Algebraic Equations. New York: Society for Industrial and Applied 

Mathematics: 76-127. 

6. Butcher, J. (2003). Numerical Methods for Ordinary Differential Equations. West Sussex: 

John Wiley & Sons Ltd. 45-95. 

7. Carnahan, B, Luther, H., Wikes, J. (1990). Applied Numerical Methods, Florida: Krieger 

Publishing Company: 341-386. 

8. Chapra, S., Canale, R. (2006). Applied Numerical Methods with MATLAB for Engineers 

and Scientists, 6 Ed. Boston: McGraw Hill: 707-742. 

9. Conte, S., Boor,C.Elementary Numerical Analysis: Algorithmic Approach. New York: 

McGraw-Hill Book Company: 356-387. 

10. Esfandiari R, (2013) Numerical Methods for Engineers and Scientists using MATLAB. 

New York: CRC Press (CRC), Taylor & Francis Group: 329-351. 

11. Euler, L. (1913). De integration aequationum di erentialium per approximationem, In 

Opera Omnia, 1st series, Vol II, Institutiones Calculi Integralis, Teubner, Leipzig 

and Berlin, 424434. 

http://journal.hmjournals.com/index.php/JECNAM
https://doi.org/10.55529/jecnam.36.8.17
http://creativecommons.org/licenses/by/4.0/


Journal of Electronics, Computer Networking and Applied Mathematics   

ISSN: 2799-1156 

Vol: 03, No. 06, Oct-Nov 2023 

http://journal.hmjournals.com/index.php/JECNAM 

DOI: https://doi.org/10.55529/jecnam.36.8.17 

 

 

 

 

Copyright The Author(S) 2023.This Is An Open Access Article Distributed Under The CC 

BY License. (Http://Creativecommons.Org/Licenses/By/4.0/)                                         16   

12. Euler L, (1768) Institutiones Calculi IntegralisVolumenPrimum, Opera Omnia. Vol. XI, 

B. G. TeubneriLipsiaeetBerolini MCMXIII: 21-228. 

13. Fadugba, S.E., Olaosebikan, T.E, (2018). Comparative Study of a Class of One-Step 

Methods for the Numerical Solutions of Some Initial Value Problems in ordinary 

Differential Equations. Research Journal of Mathematics and Computer Science: 2-9: 

Available from: https://escipub.com/Articles/RJMCS/RJMCS-2017-12-1801. 

14. Fadugba, S., Ogunrinde, B., Okunlola, T. (2012). Euler’s Method for Solving Initial 

Value Problems in Ordinary Differential Equations. The Pacific Journal of Science and 

Technology, Vol. 13 (2): 152-158. 

15. Fatunla, S., (1988). Numerical Methods for Initial Value Problems in Ordinary 

Differential equations. Boston: Academic Press, INC: 41-62. 

16. Hamed, A. B., Alrhaman, I. Y.,Sani, I, (2017). The accuracy of Euler and modified Euler 

technique for First Order Ordinary Differential Equations with initial conditions. 

American journal of Engineering Research (AJER), Vol. 6(9): 334-338. 

17. Hong – Yi, L. (2000). The calculation of global error for initial value problem of ordinary 

differential equations. International journal of computer mathematics, 74(2), 237 – 245. 

18. Hossain, B. B.,Hossain, M. J., MiahMd, et al. (2017) A Comparative Study on Fourth 

Order and Butcher’s Fifth Order Runge Kutta Methods with Third Order Initial Value 

Problem (IVP). Applied and Computational Mathematics, Vol. 6(6): 243-253. Available 

from: doi: 10.11648/j.acm.20170606.12. 

19. Iserles, A. (1996). A First Course in the Numerical Analysis of Differential Equations, 

Cambridge: Cambridge University Press: 1- 50. 

20. Islam, M. A. (2015). Accurate Analysis of Numerical Solutions of Initial Value Problems 

(IVP) for ordinary differential equations (ODE). IOSR Journal of Mathematics (IOSR-

JM), Vol. 11 (3): 18-23. 

21. Islam, Md. A. (2015). Accurate Solutions of Initial Value Problems for Ordinary 

Differential Equations with the Fourth Order Runge Kutta Method. Journal of 

Mathematics Research, Vol. 7 (3): 41-45. 

22. Jamali N, (2019) Analysis and Comparative Study of Numerical Methods to Solve 

Ordinary Differential Equation with Initial Value Problem. International Journal of 

Advanced Research (IJAR). Vol. 7(5): 117-128: Available from: 

http://www.journalijar.com/uploads/536_IJAR-27303.pdf. 

23. Kockler, N. (1994) Numerical Method of Ordinary System of Initial Value Problems. 

24. Kreyszig, E. (2011). Advanced Engineering Mathematics, 10 Eds,.Boston: John Wiley & 

Sons, Inc: 921-937. 

25. Lambert,J. (2000). Computational Methods in Ordinary Differential Equations. New 

York: Wiley & Sons: 21-205IEA. 

26. Lambert, J. (1999). Numerical Methods for Ordinary Differential Systems: The Initial 

value Problem. New York: John Wiley &Sons: 149-205. 

27. Mathews, J.H. (2005) Numerical Methods for Mathematics, Science and Engineering. 

Prentice - Hall, India. 

28. Oshinubi IK, Ogunjimi OA, Longe OB, (2017) On some Computational Methods for 

Solving an Ordinary Differential Equations with Initial Condition. Proceedings of the 

http://journal.hmjournals.com/index.php/JECNAM
https://doi.org/10.55529/jecnam.36.8.17
http://creativecommons.org/licenses/by/4.0/
https://escipub.com/Articles/RJMCS/RJMCS-2017-12-1801
http://www.journalijar.com/uploads/536_IJAR-27303.pdf


Journal of Electronics, Computer Networking and Applied Mathematics   

ISSN: 2799-1156 

Vol: 03, No. 06, Oct-Nov 2023 

http://journal.hmjournals.com/index.php/JECNAM 

DOI: https://doi.org/10.55529/jecnam.36.8.17 

 

 

 

 

Copyright The Author(S) 2023.This Is An Open Access Article Distributed Under The CC 

BY License. (Http://Creativecommons.Org/Licenses/By/4.0/)                                         17   

ISTEAMS Multidisciplinary Cross-Border Conference, University of Ghana, Legon: 73- 

80. 

29. Samsudin N., Yusop, N. M. M., Fahmy, S., and binti Mokhtar, A. S. N. (2018). Cube 

Arithmetic: Improving Euler Method for Ordinary Differential Equation Using Cube 

Mean. Indonesian Journal of Electrical Engineering and Computer Science, 11(3), 1109 

– 1113. 

30. Shampine, L. F., and Watts, H. A. (1971). Comparing error estimators for Runge – Kutta 

methods. Mathematics of computation, 25(115), 445 – 455. 

 

 

 

 

                                        

http://journal.hmjournals.com/index.php/JECNAM
https://doi.org/10.55529/jecnam.36.8.17
http://creativecommons.org/licenses/by/4.0/

